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Wkh zlgho| xvhg orj0shulrgrjudp uhjuhvvlrq hvwlpdwru ri wkh orqj0phpru| sdud0
phwhu g sursrvhg e| Jhzhnh dqg Sruwhu0Kxgdn +4<;6, +JSK, kdv ehhq fulwlfl}hg
ehfdxvh ri lwv qlwh0vdpsoh eldv/ vhh Djldnorjorx/ Qhzerog/ dqg Zrkdu +4<<6,1 Lq
wklv sdshu/ zh sursrvh d vlpsoh eldv0uhgxfhg orj0shulrgrjudp uhjuhvvlrq hvwlpdwru/
e go> wkdw holplqdwhv wkh uvw0 dqg kljkhu0rughu eldvhv ri wkh JSK hvwlpdwru1 Wkh
eldv0uhgxfhg hvwlpdwru lv wkh vdph dv wkh JSK hvwlpdwru h{fhsw wkdw rqh lqfoxghv
iuhtxhqflhv wr wkh srzhu 5n iru n @4 >===>u> iru vrph srvlwlyh lqwhjhu u> dv dggl0
wlrqdo uhjuhvvruv lq wkh svhxgr0uhjuhvvlrq prgho wkdw |lhogv wkh JSK hvwlpdwru1 Wkh
uhgxfwlrq lq eldv lv rewdlqhg xvlqj dvvxpswlrqv rq wkh vshfwuxp rqo| lq d qhljkeru0
krrg ri wkh }hur iuhtxhqf|/ zklfk lv frqvlvwhqw zlwk wkh vhplsdudphwulf qdwxuh ri wkh
orqj0phpru| prgho xqghu frqvlghudwlrq1
Iroorzlqj wkh zrun ri Urelqvrq +4<<8e, dqg Kxuylfk/ Ghr/ dqg Eurgvn| +4<<;,/
zh hvwdeolvk wkh dv|pswrwlf eldv/ yduldqfh/ dqg phdq0vtxduhg huuru +PVH, ri e go>
ghwhuplqh wkh PVH rswlpdo fkrlfh ri wkh qxpehu ri iuhtxhqflhv/ p> wr lqfoxgh lq
wkh uhjuhvvlrq/ dqg hvwdeolvk wkh dv|pswrwlf qrupdolw| ri e go= Wkhvh uhvxowv vkrz
wkdw wkh eldv ri e go jrhv wr }hur dw d idvwhu udwh wkdq wkdw ri wkh JSK hvwlpdwru
zkhq wkh qrupdol}hg vshfwuxp dw }hur lv vx!flhqwo| vprrwk/ exw wkdw lwv yduldqfh
rqo| lv lqfuhdvhg e| d pxowlsolfdwlyh frqvwdqw1 Lq frqvhtxhqfh/ wkh rswlpdo udwh ri
f r q y h u j h q f hw r} h u rr iw k hP V Hr ie go lv idvwhu wkdq wkdw ri wkh JSK hvwlpdwru1
Zh hvwdeolvk wkh rswlpdo udwh ri frqyhujhqfh ri d plqlpd{ ulvn fulwhulrq iru hv0
wlpdwruv ri g zkhq wkh qrupdol}hg vshfwudo ghqvlw| lv lq d fodvv wkdw lqfoxghv wkrvh
wkdw duh vprrwk ri rughu v  4 dw }hur1 Zh vkrz wkdw wkh eldv0uhgxfhg hvwlpdwru e go
dwwdlqv wklv udwh zkhq u  +v  5,@5 dqg p lv fkrvhq dssursuldwho|1 Iru vA5> wkh
JSK hvwlpdwru grhv qrw dwwdlq wklv udwh1 Wkh surri ri wkhvh uhvxowv xvhv uhvxowv ri
Jludlwlv/ Urelqvrq/ dqg Vdpdury +4<<:,1
Vrph Prqwh Fduor vlpxodwlrq uhvxowv iru vwdwlrqdu| Jdxvvldq DUILPD+4/ g/ 4,
prghov vkrz wkdw wkh eldv0uhgxfhg hvwlpdwruv shuirup zhoo uhodwlyh wr wkh vwdqgdug
orj0shulrgrjudp hvwlpdwru1
Nh|zrugv= Dv|pswrwlf eldv/ dv|pswrwlf qrupdolw|/ eldv uhgxfwlrq/ iuh0
txhqf| grpdlq/ orqj0udqjh ghshqghqfh/ rswlpdo udwh/ udwh ri frqyhujhqfh/
vwurqjo| ghshqghqw wlph vhulhv1
MHO Fodvvlfdwlrq Qxpehuv= F46/ F47/ F5514L q w u r g x f w l r q
Zh frqvlghu d vhplsdudphwulf prgho iru d vwdwlrqdu| Jdxvvldq orqj0phpru|
wlph vhulhv i\| = w @4 >===>qj1 Wkh vshfwudo ghqvlw| ri wkh wlph vhulhv lv jlyhq e|
i+,@mm32_j+,> +414,
zkhuh g 5 +3=8>3=8, lv wkh orqj0phpru| sdudphwhu/ j+, lv dq hyhq ixqfwlrq rq
^>` wkdw lv frqwlqxrxv dw }hur zlwk 3 ?j +3, ? 4/d q gi+, lv lqwhjudeoh ryhu
+>,= Wkh sdudphwhu g ghwhuplqhv wkh orz iuhtxhqf| surshuwlhv ri wkh vhulhv1 Zkhq
gA3> wkh vhulhv h{klelwv orqj phpru|1 Wkh ixqfwlrq j+, ghwhuplqhv wkh kljk iuh0
txhqf| surshuwlhv ri wkh vhulhv/ l1h1/ lwv vkruw0whup fruuhodwlrq vwuxfwxuh1
Lq wklv sdshu/ zh lqyhvwljdwh wkh dv|pswrwlf dqg qlwh vdpsoh surshuwlhv ri d
qhz eldv0uhgxfhg orj0shulrgrjudp hvwlpdwru e go ri wkh orqj phpru| sdudphwhu g= Ohw
￿ @5 m@q iru m @4 >===>^q@5` ghqrwh wkh ixqgdphqwdo iuhtxhqflhv iru d vdpsoh ri
vl}h q1 Wkh hvwlpdwru e go lv ghqhg wr eh wkh ohdvw vtxduhv +OV, hvwlpdwru ri wkh
frh!flhqw rq 5orj￿ lq d uhjuhvvlrq ri wkh orj ri wkh shulrgrjudp hydoxdwhg dw
￿ rq d frqvwdqw/ 5orj￿> dqg 2
￿> e
￿>===> 2o
￿ iru m @4 >===>p> zkhuh u lv d +{hg,
qrq0qhjdwlyh lqwhjhu1 Zh wdnh p vxfk wkdw p $4dqg p@q $ 3 dv q $4 = Zkhq
u @3 > e go lv dv|pswrwlfdoo| htxlydohqw wr wkh zhoo0nqrzq Jhzhnh dqg Sruwhu0Kxgdn
+4<;6, +JSK, hvwlpdwru e gC￿M1
Wkh prwlydwlrq iru wkh hvwlpdwru e go lv wkh orfdo sro|qrpldo hvwlpdwru iru qrq0
sdudphwulf uhjuhvvlrq ixqfwlrqv/ vhh Idq +4<<5, dqg dgglwlrqdo uhihuhqfhv lq Kçugoh
dqg Olqwrq +4<<7,1 Wkh odwwhu lv d srsxodu qrqsdudphwulf hvwlpdwlrq phwkrg wkdw lv
irxqg wr shuirup zhoo iru orz rughu sro|qrpldov/ vxfk dv olqhdu ru txdgudwlf sro|qr0
pldov1 Dqdorjrxvo|/ zh h{shfw wkh eldv0uhgxfhg orj shulrgrjudp hvwlpdwru wr shuirup
zhoo iru vpdoo ydoxhv ri u> vxfk dv u @4ru u @5 =
Zh ghwhuplqh wkh dv|pswrwlf eldv/ yduldqfh/ dqg PVH ri e go/ fdofxodwh wkh PVH
rswlpdo fkrlfh ri p iru e go> dqg hvwdeolvk wkh dv|pswrwlf qrupdolw| ri e go1 Wkh surriv
ri wkhvh uhvxowv uho| khdylo| rq uhvxowv ri Urelqvrq +4<<8e, dqg Kxuylfk/ Ghr/ dqg
Eurgvn| +4<<;, +KGE,1 Zh qg wkdw wkh dv|pswrwlf eldv ri e go lv ri rughu p2n2o@q2n2o
surylghg j lv vx!flhqwo| vprrwk/ zkhuhdv wkdw ri e gC￿M lv ri wkh odujhu rughu p2@q2=
Wkh dv|pswrwlf yduldqfhv ri e go dqg e gC￿M duh erwk ri rughu p3￿= Lq frqvhtxhqfh/ wkh
rswlpdo udwh ri frqyhujhqfh wr }hur ri wkh PVH ri e go lv ri rughu q3Eeneo￿*EDneo￿ zkhuhdv
wkdw ri e gC￿M lv ri wkh odujhu rughu q3e*D= Iru h{dpsoh/ iru u @5 >q 3Eeneo￿*EDneo￿ @
q3￿2*￿￿= Wkh udwh ri frqyhujhqfh ri e go dovr h{fhhgv wkdw ri wkh orfdo Zklwwoh hvwlpdwru/
vhh Urelqvrq +4<<8d,/ dqg wkh dyhudjh shulrgrjudp hvwlpdwru/ vhh Urelqvrq +4<<7,
dqg Oredwr dqg Urelqvrq +4<<9,/ surylghg j lv vx!flhqwo| vprrwk1
Zh qg wkdw p￿*2+e go  g, lv dv|pswrwlfdoo| qrupdo zlwk phdq }hur surylghg
p @ r+qEeneo￿*EDneo￿,= Lq frqwudvw/ e gC￿M lv dv|pswrwlfdoo| qrupdo rqo| xqghu wkh
pruh vwulqjhqw frqglwlrq p @ r+qe*D,=
Zh ghwhuplqh wkh rswlpdo udwh ri frqyhujhqfh ri d plqlpd{ ulvn fulwhulrq iru
hvwlpdwruv ri g zkhq wkh wuxh qrupdol}hg vshfwudo ghqvlw| olhv lq d fodvv wkdw lqfoxghv
ghqvlwlhv wkdw duh vprrwk wr rughu v dw }hur iru vrph v  41 Wkh rswlpdo udwh lv
q3r*E2rn￿￿= Wkh hvwlpdwru e go lv vkrzq wr dfklhyh wklv udwh ri frqyhujhqfh surylghg
4u  +v 5,@5 dqg p lv fkrvhq vxlwdeo|1 Lq frqwudvw/ zkhq vA5> wkh JSK hvwlpdwru
grhv qrw dfklhyh wklv udwh1 Wkh surri ri wkh rswlpdo udwh uhvxowv xwlol}h uhvxowv ri
Jludlwlv/ Urelqvrq/ dqg Vdpdury +4<<:, +JUV,1
Vrph Prqwh Fduor vlpxodwlrqv vkrz wkdw wkh eldv0uhgxfhg hvwlpdwruv e g￿ dqg e g2
kdyh orzhu eldvhv/ kljkhu vwdqgdug ghyldwlrqv/ dqg orzhu urrw phdq vtxduhg huuruv
+upvh*v, frpsduhg wr wkh vwdqgdug orj0shulrgrjudp hvwlpdwru e gf iru d ydulhw| ri
vwdwlrqdu| Jdxvvldq DUILPD+4/ g/ 4, surfhvvhv/ dv wkh dv|pswrwlf uhvxowv vxjjhvw1
Wkh orzhu eldvhv ohdg wr jrrg frqghqfh lqwhuydo +FL, fryhudjh suredelolwlhv iru FL*v
edvhg rq e g￿ dqg e g2 ryhu d zlghu udqjh ri p ydoxhv wkdq iru e gf= Rq wkh rwkhu kdqg/ wkh
orzhu vwdqgdug ghyldwlrq ri e gf ohdgv wr vkruwhu FL lqwhuydov wkdq FL*v edvhg rq e g￿ dqg
e g2= W k hu p v hj u d s k vi r ue g￿ dqg e g2 duh  dwwhu wkdq wkrvh iru e gf> zklfk lpsolhv wkdw
e g￿ dqg e g2 duh ohvv vhqvlwlyh wr wkh fkrlfh ri p wkdq lv e gf= Wkh uhvxowv duh hvvhqwldoo|
w k hv d p hi r uw k hw k u h hy d o x h vr ig frqvlghuhg= =7> 3> dqg =7= Wkh edvlf sdwwhuq ri
uhvxowv duh wkh vdph iru vdpsoh vl}hv q @8 4 5dqg q @5 >37;= Zh frqfoxgh wkdw iru
vwdwlrqdu| Jdxvvldq DUILPD+4/ g/ 4, surfhvvhv wkh hvwlpdwruv e g￿ dqg e g2 gholyhu eldv
dqg upvh uhgxfwlrqv lq qlwh vdpsohv wkdw uh hfw wkh dv|pswrwlf uhvxowv1
Vrph sdshuv lq wkh olwhudwxuh wkdw duh uhodwhg wr wklv sdshu lqfoxgh Kxuylfk dqg
Eurgvn| +4<<:,/ Ekdqvdol dqg Nrnrv}nd +4<<:,/ Prxolqhv dqg Vrxolhu +4<<</ 5333,/
dqg Kxuylfk +5333,1 Hdfk ri wkhvh sdshuv frqvlghuv vhplsdudphwulf hvwlpdwlrq ri
g e| vshfli|lqj d sdudphwulf prgho dqg ohwwlqj wkh qxpehu ri sdudphwhuv lq wkh
prgho lqfuhdvh zlwk wkh vdpsoh vl}h1 Wkhvh hvwlpdwruv ri g> olnh e go/ dwwdlq udwhv
ri frqyhujhqfh wkdw h{fhhg wkh udwh q2*D ri wkh JSK hvwlpdwru1 Wkhvh hvwlpdwruv
glhu iurp wkh eldv0uhgxfhg hvwlpdwru frqvlghuhg khuh lq wkdw wkh| duh eurdg0edqg
hvwlpdwruv wkdw xvh doo ri wkh iuhtxhqflhv lq wkh udqjh ^3>`= Fruuhvsrqglqjo|/ wkh|
uho| rq dvvxpswlrqv rq wkh vshfwuxp ryhu wkh zkroh lqwhuydo ^3>`= Lq frqwudvw/ wkh
eldv0uhgxfhg hvwlpdwru frqvlghuhg khuh lv d qduurz0edqg hvwlpdwru1 Lw rqo| uholhv rq
dvvxpswlrqv rq wkh vshfwuxp dw wkh ruljlq1
Rwkhu sdshuv lq wkh olwhudwxuh wkdw duh uhodwhg wr wklv sdshu lqfoxgh Ghojdgr dqg
Urelqvrq +4<<9,/ Khqu| dqg Urelqvrq +4<<9,/ Kxuylfk dqg Ghr +4<<;,/ dqg Khqu|
+4<<<,1 Hdfk ri wkhvh sdshuv frqvlghuv d uhjuhvvlrq ri wkh shulrgrjudp ru wkh orj
shulrgrjudp rq vhyhudo uhjuhvvruv lqfoxglqj wkh vtxduhg iuhtxhqf|1 Wkh uhvxowv ri
wkhvh uhjuhvvlrqv duh xvhg wr rewdlq gdwd0ghshqghqw edqgzlgwk fkrlfhv iru wkh JSK/
orfdo Zklwwoh/ dqg dyhudjh shulrgrjudp hvwlpdwruv1 Wkhvh sdshuv glhu iurp wkh
suhvhqw sdshu ehfdxvh wkh| gr qrw frqvlghu eldv0uhgxfhg hvwlpdwlrq ri g edvhg rq
wkhvh uhjuhvvlrqv1
Wkh uhvxowv ri wklv sdshu fdq eh h{whqghg lq d qxpehu ri glhuhqw gluhfwlrqv1 Iluvw/
wkh eldv0uhgxfwlrq phwkrg xwlol}hg khuh fdq eh h{whqghg wr d qxpehu ri rwkhu surfh0
gxuhv1 Dqguhzv dqg Vxq +4<<<, frqvlghu d eldv0uhgxfhg orfdo sro|qrpldo Zklwwoh hvwl0
pdwru1 Wkh eldv0uhgxfwlrq phwkrg dovr frxog eh dssolhg wr wkh dyhudjh0shulrgrjudp
hvwlpdwru ri Urelqvrq +4<<7, dqg Oredwr dqg Urelqvrq +4<<9,/ wkh srrohg/ wulpphg/
dqg2ru pxowlyduldwh orj0shulrgrjudp uhjuhvvlrq hvwlpdwruv ri Urelqvrq +4<<8e,/ wkh
srrohg dqg2ru wdshuhg orj0shulrgrjudp uhjuhvvlrq hvwlpdwruv iru vwdwlrqdu| qrq0
Jdxvvldq vhulhv dqdo|}hg e| Yhodvfr +4<<;d,/ wkh srrohg orj0shulrgrjudp hvwlpdwru
ri Vklprwvx dqg Skloolsv +4<<<,/ wkh prglhg orj0shulrgrjudp hvwlpdwru ri Nlp dqg
5Skloolsv +4<<<e, iru qrq0vwdwlrqdu| wlph vhulhv/ wkh wdshuhg orj0shulrgrjudp hvwlpdwru
ri Yhodvfr +4<<;e, iru qrq0vwdwlrqdu| wlph vhulhv/ dqg wkh dgdswlyh orj0shulrgrjudp
uhjuhvvlrq hvwlpdwru ri Jludlwlv/ Urelqvrq/ dqg Vdpdury +5333,1 Lq dgglwlrq/ rqh
frxog dqdo|}h wkh surshuwlhv ri wkh eldv0uhgxfhg orj0shulrgrjudp hvwlpdwru zlwk qrq0
vwdwlrqdu| wlph vhulhv/ dorqj wkh olqhv ri Nlp dqg Skloolsv +4<<<d,/ dqg zlwk vwrfkdvwlf
yrodwlolw| prghov/ dv lq Ghr dqg Kxuylfk +4<<<,1
Wkh uhpdlqghu ri wklv sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 prwlydwhv wkh
eldv0uhgxfhg hvwlpdwru e| eulh | uhylhzlqj uhvxowv lq wkh olwhudwxuh iru wkh JSK hvwl0
pdwru1 Vhfwlrq 6 lqwurgxfhv wkh eldv0uhgxfhg orj0shulrgrjudp hvwlpdwru/ hvwdeolvkhv
lwv dv|pswrwlf eldv/ yduldqfh/ dqg PVH/ dqg vkrzv wkdw lw lv dv|pswrwlfdoo| qrupdo1
Vhfwlrq 7 jlyhv wkh rswlpdo udwh ri frqyhujhqfh uhvxowv1 Vhfwlrq 8 ghvfulehv wkh Prqwh
Fduor vlpxodwlrq uhvxowv1 Dq Dsshqgl{ surylghv surriv ri uhvxowv jlyhq lq wkh sdshu1
5 Wkh JSK Hvwlpdwru
Dq dowhuqdwlyh sdudphwul}dwlrq ri wkh prgho lq +414, wkdw lv riwhq xvhg lq wkh
olwhudwxuh/ h1j1/ vhh KGE/ lv
i+,@m4  h{s+l,m32_iW+,> +514,
zkhuh iW+, vdwlvhv wkh vdph frqglwlrqv dv j+,= Wkh prghov lq +414, dqg +514, duh
htxlydohqw ehfdxvh m4  h{s+l,m32_ @ mm32_+4 . r+4,, dv  $ 3=
Xvlqj wkh sdudphwul}dwlrq lq +514,/ JSK sursrvhg dq hvwlpdwru ri g e d v h gr qw k h







\| h{s+l￿w,m2 iru m @4 >===>p> +515,
zkhuh ￿ @5 m@q dqg p lv d srvlwlyh lqwhjhu vpdoohu wkdq q1 Wkhlu hvwlpdwru/ zklfk
z hu h i h uw rd vw k hJ S Kh v w l p d w r u /l vj l y h qe |4@5 wlphv wkh OV hvwlpdwru ri wkh vorsh
sdudphwhu lq d uhjuhvvlrq ri iorjL￿ = m @4 >===>pj rq d frqvwdqw dqg wkh uhjuhvvru






+ h [￿  h [,orjL￿
6 [
￿’￿
+ h [￿  h [,2
> +516,
zkhuh h [ @+ 4 @p,
S6
￿’￿ h [￿=
Wklv hvwlpdwru fdq eh prwlydwhg khxulvwlfdoo| xvlqj wkh prgho sdudphwul}dwlrq lq
+514, e| zulwlqj
orjL￿ @ +orjiW
f  F,  5g h [￿ . orj+iW
￿ @iW
f,.%￿> +517,
zkhuh %￿ @ orj+L￿@i￿,.F> i￿ @ i+￿,>iW
￿ @ iW+￿,>iW
f @ iW+3,> dqg F @3 =8::549=== lv
wkh Hxohu frqvwdqw1 Htxdwlrq +517, lv d svhxgr0uhjuhvvlrq prgho1 Li wkh svhxgr0huuruv
6iorj+iW
￿ @iW
f,.%￿ = m @4 >===>pj ehkdyh olnh lqghshqghqw dqg lghqwlfdoo| glvwulexwhg
+llg, udqgrp yduldeohv/ wkhq wkh uhjuhvvlrq hvwlpdwru a gC￿M lv d uhdvrqdeoh hvwlpdwlrq
surfhgxuh1
Lq idfw/ Urelqvrq +4<<8e, vkrzv wkdw d yduldqw ri a gC￿M> zklfk wulpv rxw vpdoo
ydoxhv ri m iurp wkh uhjuhvvlrq/ lv frqvlvwhqw dqg dv|pswrwlfdoo| qrupdo surylghg
p $4dv q $4dw d udwh wkdw lv qrw wrr txlfn1 Urelqvrq*v +4<<8e, hvwlpdwru dovr
glhuv iurp wkh JSK hvwlpdwru lq wkdw kh xvhv wkh prgho sdudphwul}dwlrq lq +414,
dqg/ khqfh/ uhsodfhv wkh uhjuhvvru h [￿ e|
[￿ @ 5orj￿ +518,
+dqg fruuhvsrqglqjo| gursv wkh 3=8 whup iurp wkh ghqlwlrq ri a gC￿M,= Wkh xvh ri
[￿ udwkhu wkdq h [￿ kdv qr hhfw rq wkh dv|pswrwlf eldv/ yduldqfh/ ru phdq vtxduhg
huuru ru wkh dv|pswrwlf qrupdolw| ri wkh hvwlpdwru1 Wkh irup ri wkh uhjuhvvru h [￿ @
orjm4h{s+l￿,m xvhg e| JSK frphv iurp wkh vshfwuxp ri d iudfwlrqdoo| glhuhqfhg
wlph vhulhv1 Vlqfh m4  h{s+l,m32_ @ mm32_+4 . r+4,, dv  $ 3 dqg wkh JSK
hvwlpdwru lv d frqvlvwhqw hvwlpdwru ri g iru d pruh jhqhudo fodvv ri wlph vhulhv prghov
wkdq iudfwlrqdoo| glhuhqfhg wlph vhulhv/ wkh vlpsohu irup iru wkh uhjuhvvru jlyhq lq
+518, dqg xvhg e| Urelqvrq +4<<8e, lv dssursuldwh1
KGE surylgh ixuwkhu mxvwlfdwlrq iru orj0shulrgrjudp uhjuhvvlrq hvwlpdwruv1 Wkh|
frqvlghu wkh JSK hvwlpdwru a gC￿M h{dfwo| dv ghqhg lq +516,1 Wkh| hvwdeolvk wkh
dv|pswrwlf eldv/ yduldqfh/ dqg phdq0vtxduhg huuru +PVH, ri a gC￿M> fdofxodwh wkh
PVH rswlpdo fkrlfh ri p> dqg hvwdeolvk wkh dv|pswrwlf qrupdolw| +zlwk phdq }hur,
ri a gC￿M zkhq p $4dw d udwh vorzhu wkdq wkh PVH rswlpdo udwh1 Lq dgglwlrq/
lw lv vwudljkwiruzdug wr vhh wkdw wkhlu uhvxowv frqwlqxh wr krog zlwk wkh uhjuhvvru h [￿
uhsodfhg e| [￿ + dqg fruuhvsrqglqjo| zlwk wkh 3=8 whup gursshg lq wkh ghqlwlrq
ri a gC￿M,1
Xvlqj wkh sdudphwul}dwlrq ri +514,/ KGE vxssrvh wkdw p dqg iW vdwlvi| wkh iro0
orzlqj dvvxpswlrqv=
Dvvxpswlrq KGE41 p @ p+q, $4dqg
6*L}6
? $ 3 dv q $4 =
Dvvxpswlrq KGE51 iW lv wkuhh wlphv frqwlqxrxvo| glhuhqwldeoh lq d qhljk0
e r u k r r gr i} h u rd q giW￿+3, @ 3=2
Xqghu wkhvh dvvxpswlrqv/ KGE hvwdeolvk wkdw



















































7surylghg iW￿￿+3, 9@3 = Zlwk wklv fkrlfh ri p> wkh PVH ri a gC￿M lv ri rughu R+q3e*D,=
Wkh grplqdqw eldv whup ri a gC￿M lq +519, frphv iurp wkh whup orj+iW
￿ @iW
f,> udwkhu
wkdq wkh H%￿ whup/ lq wkh svhxgr0uhjuhvvlrq prgho +517,1 Xqghu Dvvxpswlrq KGE5/











Lw lv wkh uvw whup rq wkh uljkw0kdqg vlgh ri +51;, wkdw lv uhvsrqvleoh iru wkh grplqdqw
eldv whup ri a gC￿M= Wklv vxjjhvwv wkdw wkh holplqdwlrq ri wklv whup zloo |lhog dq
hvwlpdwru zlwk uhgxfhg eldv1 Wklv whup fdq eh holplqdwhg e| dgglqj wkh uhjuhvvru
2
￿ wr wkh svhxgr0uhjuhvvlrq prgho +517,1 Ixuwkhupruh/ dgglwlrqdo eldv whupv fdq eh
holplqdwhg e| dgglqj wkh uhjuhvvruv e
￿>===> 2o
￿ iru vrph u  5= Wklv lv hvwdeolvkhg
uljrurxvo| lq wkh qh{w vhfwlrq1
6 Eldv0uhgxfhg Orj0shulrgrjudp Uhjuhvvlrq
614 Dv|pswrwlf Eldv dqg Yduldqfh
Lq wklv vhfwlrq/ zh ghqh wkh eldv0uhgxfhg hvwlpdwru e go> fdofxodwh lwv dv|pswrwlf
eldv dqg yduldqfh/ dqg surylgh frqglwlrqv xqghu zklfk lw lv dv|pswrwlfdoo| qrupdo1
Zh dvvxph wkurxjkrxw wkdw wkh prgho lv jlyhq e| +414,1 Wkxv/ zh xwlol}h wkh uhjuhvvru
[￿> dv lq Urelqvrq +4<<8e,/ udwkhu wkdq h [￿=
Wkh eldv0uhgxfhg hvwlpdwru e go lv wkh OV hvwlpdwru ri wkh frh!flhqw rq [￿ iurp
wkh uhjuhvvlrq ri orjL￿ rq 4>[ ￿> 2
￿> e
￿>===> 2o
￿ iru m @4 >===>p iru vrph qrq0qhjdwlyh
lqwhjhu u= Lw lv ghqhg h{solflwo| lq +61;, ehorz1 Qrwh wkdw rqo| hyhq srzhuv ri
￿ duh hpsor|hg lq wkh uhjuhvvlrq1 Rgg srzhuv ri ￿ g rq r wk h o sl qu h g x f l q jw k h
dv|pswrwlf eldv ehfdxvh wkh| kdyh frh!flhqwv htxdo wr }hur lq wkh Wd|oru h{sdqvlrq
ri orj+j+￿,@j+3,,> zklfk ghwhuplqhv wkh dv|pswrwlf eldv ri e go> dv lq +51;,1 +Wkhvh
frh!flhqwv duh }hur gxh wr wkh rggqhvv ri wkh rgg rughu ghulydwlyhv ri orjj+, dqg
wkhlu frqwlqxlw| dw }hur1,
Zh dvvxph wkdw j lv vprrwk ri rughu v dw }hur iru vrph v  4/ zklfk lv ghqhg dv
iroorzv1 Ohw ^v` ghqrwh wkh lqwhjhu sduw ri v= Zh vd| wkdw d uhdo ixqfwlrq k ghqhg rq
d qhljkerukrrg ri }hur lv vprrwk ri rughu vA3 dw }hur li k lv ^v` wlphv frqwlqxrxvo|
glhuhqwldeoh lq vrph qhljkerukrrg ri }hur dqg lwv ghulydwlyh ri rughu ^v`/g h q r w h g
k
Edro￿





 Fmmr3dro iru vrph frqvwdqw F?4 dqg doo  lq d qhljkerukrrg ri }hur1
Zh xvh wkh iroorzlqj dvvxpswlrqv=
Dvvxpswlrq 41 p @ p+q, $4dqg p@q $ 3 dv q $4 =
Dvvxpswlrq 51 j lv dq hyhq ixqfwlrq rq ^>` wkdw lv vprrwk ri rughu v dw
}hur iru vrph v  4> 3 ?j +3, ? 4> 4@5 ?g?4@5> dqg
U Z
3Z mm32_j+,g ? 4=
Dvvxpswlrq 5 doorzv rqh wr ghyhors dq ^v` whup Wd|oru h{sdqvlrq ri orjj+￿,













   
b’f
> +614,
dqg R+, krogv xqlirupo| ryhu m @4 >===>p dqg doo q  41
Wkh ixqfwlrq orjj+, lv dq hyhq ixqfwlrq dqg lwv uvw ghulydwlyh lv d frqwlqxrxv
rgg ixqfwlrq1 Doo frqwlqxrxv rgg ixqfwlrqv htxdo }hur dw }hur1 Wkxv/ e￿ @3 = E|









dqg R+, krogv xqlirupo| ryhu m @4 >===>p dqg doo q  41 Iru h{dpsoh/ e2 @
jE2￿+3,@j+3, dqg ee @ jEe￿+3,@j+3, 6jE2￿+3,@j+3,=
Zh euhdn xs wkh Wd|oru h{sdqvlrq lqwr wkh sduw wkdw lv holplqdwhg e| wkh uhjuhvvruv
2&























t @ plqiv>7.5 uj> +616,
dqg R+, lv xqlirup ryhu m @4 >===>pdqg doo q= Li v lv dq lqwhjhu/ wkhq +614,+616, krog




￿ iru m @4 >===>p dqg n @4 >5>=== = +617,
Ohw orjL> [> T&>U >dqg % ghqrwh froxpq p0yhfwruv zkrvh m0wk hohphqwv duh orjL￿>
[￿>T &c￿>U ￿> dqg %￿> uhvshfwlyho|/ zkhuh %￿ @ orj+L￿@i￿,.F dqg i￿ @ i+￿,= Ohw T
ghqrwh wkh p  u pdwul{ zkrvh n0wk froxpq lv T2& iru n @4 >===>u= Ohw 46 ghqrwh
d froxpq p0yhfwru ri rqhv1 Ohw e ghqrwh wkh froxpq u0yhfwru zkrvh n0wk hohphqw lv
e2&@+5n,$ iru n @4 >===>plqi^v@5`>uj dqg 3 iru n @ plqi^v@5`>uj .4>===>u=Frpelqlqj
+616, dqg +517, +zlwk iW uhsodfhg e| j dqg 5[￿ uhsodfhg e| [￿,> zh fdq zulwh lq
p0yhfwru qrwdwlrq=
orjL @ +orjjf  F,46 . [g. Te . U . %= +618,
9Zh ghqh wkh ghyldwlrq iurp froxpq phdq uhjuhvvru yhfwru [W dqg pdwul{ TW dv
iroorzv=
[W @ [  46[ dqg









Wkh svhxgr0uhjuhvvlrq prgho lq ghyldwlrq iurp phdq irup lv
orjL @ N46 . [Wg . TWe . U . %> zkhuh
N @ orjjf  F . [g. T
￿e= +61:,
Wkh eldv0uhgxfhg hvwlpdwru a go htxdov wkh OV hvwlpdwru ri wkh frh!flhqw rq [W lq
wkh uhjuhvvlrq ri orjL rq 46>[ W> dqg TW= E| wkh sduwlwlrqhg uhjuhvvlrq irupxod/ zh
kdyh
a go @+ [W￿P’W[W,3￿[W￿P’W orjL> zkhuh
P’W @ L6 TW+TW￿TW,3￿TW￿= +61;,
+Iru u @3 > zh ghqh P’W @ L6=,
Wdnlqj wkh h{shfwdwlrq ri a go lq +61;, dqg xvlqj +61:,/ zh rewdlq
H a go @ g .+[W￿P’W[W,3￿[W￿P’W+U . H%,> +61<,
ehfdxvh [W￿46 @3dqg TW￿46 @3 = Wkh whup TWe lq +61:,/ zklfk lqfoxghv wkh 2&
￿
whupv iru n @4 >===>plqi^v@5`>uj lq wkh Wd|oru h{sdqvlrq ri orj+j￿@jf,> grhv qrw
dsshdu lq +61<, ehfdxvh lw lv holplqdwhg e| wkh lqfoxvlrq ri wkh TW uhjuhvvruv1 Lq
frqvhtxhqfh/ wkh eldv ri a go lv ri vpdoohu rughu wkdq wkdw ri a gC￿M1
Zh qrz lqwurgxfh vhyhudo txdqwlwlhv wkdw dulvh lq wkh h{suhvvlrqv iru wkh dv|ps0
wrwlf eldv dqg yduldqfh ri a go= Ohw o eh d froxpq u0yhfwru zlwk n0wk hohphqw oc& dqg
o eh dq u  u pdwul{ zlwk +l>n, hohphqw jlyhq e| ^o`￿c&> zkhuh
oc& @
5n
+5n .4 , 2 iru n @4 >===>u>
^o`￿c& @
7ln
+5l .5 n . 4,+5l . 4,+5n .4 ,
iru l>n @4 >===>u= +6143,
Iru u @3 > ohw o @3dqg o @4 = Zh vkrz ehorz wkdw wkh dv|pswrwlf yduldqfh ri a go
lv sursruwlrqdo wr
fo @+ 4 ￿
o3￿
o o,3￿= +6144,
Iru h{dpsoh/ ff @4 >f ￿ @< @7>f 2 @6 =85>f ￿ @7 =:<>f e @9 =39> dqg fD @: =66=
Ohw o eh d froxpq u0yhfwru zlwk n0wk hohphqw oc& zkhuh
oc& @
5n+6 . 5u,
+5u .5 n .6, +5 n .4 ,








Iru h{dpsoh/ f @ 5=4<> ￿ @5 =56> 2 @ 3=:<6> ￿ @ =479> e @ 3=3497> dqg
D @ =33458=
Zh qrz vwdwh wkh dv|pswrwlf eldv dqg yduldqfh ri a go=
Wkhruhp 4 Vxssrvh Dvvxpswlrqv 4 dqg 5 krog1 Wkhq/
+d, H a go g @4 + v  5.5 u,oe2n2o
62n2o




+e, Yd u+a go,@Z2
2e
So
6 . r+ ￿
6,=
Li v lv dq lqwhjhu/ sduw +d, krogv zlwk R+p^@q^, uhsodfhg e| r+p^@q^,= Lq sduwlfxodu/
li v @5.5u> sduw +d, krogv zlwk R+p^@q^, uhsodfhg e| r+p^@q^,@r+p2n2o@q2n2o,=
Frpphqwv= 41 Zkhq v  5.5 u> wkh grplqdqw eldv whup lv oe2n2op2n2o@q2n2o
zkhqhyhu p j u r z vd wu d w hq￿ iru A+5 . 5u,@+6 . 5u, dqg ?4= Dv vkrzq ehorz/
wkh PVH0rswlpdo fkrlfh ri p vdwlvhv wklv frqglwlrq1 Zkhq v?5.5u> wkh grplqdqw
eldv whup lv R+pr@qr, zkhqhyhu p jurzv dw udwh q￿ iru Av @ +v .4 ,dqg ?4=
51 Frpsdulqj wkh uhvxowv ri wkh Wkhruhp zlwk +519,/ rqh vhhv wkdw wkh frqyhujhqfh
wr }hur ri wkh eldv ri a go lv idvwhu wkdq wkdw ri a gC￿M/ zkhuhdv lwv yduldqfh glhuv rqo|
e| wkh pxowlsolfdwlyh frqvwdqw fo1
61 Wkhruhp 4 dovr krogv zkhq wkh uhjuhvvru [￿ lv uhsodfhg e| h [￿ dqg a go lv
ghqhg wr eh 3=8 wlphv wkh OV frh!flhqw rq wkh uhjuhvvru h [￿ iurp wkh uhjuhvvlrq
ri orjL￿ rq 4> h [￿> 2
￿> e
￿>===>2o
￿ iru m @4 >===>p= Wklv fdq eh suryhg xvlqj wkh idfw
wkdw h [￿ @ +4@5,[￿ .+4@5,orjfrv&￿> zkhuh 3  &￿  ￿> vhh Kxuylfk dqg Ehowudr
+4<<7/ s1 5<<,1
71 Li wkh frqglwlrq lq Dvvxpswlrq 5 wkdw j lv vprrwk ri rughu v dw }hur lv uhsodfhg
e| wkh dvvxpswlrq wkdw j vdwlvhv wkh h{sdqvlrq ri +615, iru vrph frqvwdqwv ie2& =
4  n  ^v@5`j dqg wkh Olsvfklw} frqglwlrq= mj+￿,  j+2,mN￿m￿  2m iru doo
3 ? ￿ ? 2  ￿ iru vrph frqvwdqwv N￿ ? 4 dqg ￿ A 3> wkhq wkh uhvxowv ri wkh
Wkhruhp vwloo krog1
81 Wkh surri ri Wkhruhp 4 uholhv rq wkh Ohppdv ri KGE wkdw duh xvhg wr suryh
wkhlu Wkhruhp 41 Wkh surri lv jlyhq lq wkh Dsshqgl{1 Wkh surri ri Frpphqw 7
lv jlyhq lq wkh vhfrqg wr odvw sdudjudsk ri wkh surri ri Wkhruhp 61 Qrwh wkdw lq
F r p p h q w7w k hO l s v f k l w }f r q g l w l r ql vx v h gl qs o d f hr iD v v x p s w l r q5r iU r e l q v r q
+4<<8e,1
Zh qrz frqvlghu wkh PVH rswlpdo fkrlfh ri p iru wkh eldv0uhgxfhg hvwlpdwru/ l1h1/
wkh fkrlfh wkdw pd{lpl}hv wkh udwh ri frqyhujhqfh wr }hur ri lwv PVH1 Vwudljkwiruzdug
fdofxodwlrqv vkrz wkdw wkh PVH rswlpdo fkrlfh ri p lv
p  q2￿*E2￿n￿￿> zkhuh ! @ plqiv>5.5 uj +6147,
dqg p  q2￿*E2￿n￿￿ phdqv p@q2￿*E2￿n￿￿ frqyhujhv wr d qlwh srvlwlyh frqvwdqw dv
q $4 =
;I r uw k l vf k r l f h /
PVH+a go,@R+q32￿*E2￿n￿￿,= +6148,
Khqfh/ jlyhq v  4> li p 2 q2r*E2rn￿￿ dqg u  +v  5,@5> wkhq PVH+a go,
@ R+q32r*E2rn￿￿,= Dowhuqdwlyho|/ jlyhq u  3> li p  qEeneo￿*EDneo￿ dqg v  5.5 u>
wkhq PVH+a go,@R+q3Eeneo￿*EDneo￿,=
Li v dqg u duh duelwudulo| odujh/ wkhq PVH+a go, frqyhujhv wr }hur dw d udwh duel0
wudulo| forvh wr wkh udwh q3￿ ri sdudphwulf hvwlpdwruv1
Wkh PVH ri wkh JSK hvwlpdwru vdwlvhv wkh irupxod deryh zlwk u @3 = Lq frq0
vhtxhqfh/ zkhq v  5> wkh pd{lpdo udwhv ri frqyhujhqfh wr }hur ri wkh PVH ri wkh
JSK hvwlpdwru dqg wkh eldv0uhgxfhg hvwlpdwru a go zlwk u  4 duh wkh vdph/ yl}1/
q32r*E2rn￿￿1Z k h qvA5> krzhyhu/ wkh JSK hvwlpdwru kdv pd{lpdo udwh ri frqyhu0
jhqfh wr }hur htxdo wr q3e*D> zkhuhdv a go zlwk u  4 kdv pd{lpdo udwh ri frqyhujhqfh
htxdo wr wkh idvwhu udwh q3E2￿￿*E2￿n￿￿ +zklfk htxdov q3Eeneo￿*EDneo￿ zkhq v  5u .5,1
Lq idfw/ zkhq vA5> a go zlwk u  4 kdv d idvwhu udwh ri frqyhujhqfh ri PVH wr }hur
wkdq wkh JSK hvwlpdwru zkhqhyhu a go dqg a gC￿M duh ghqhg zlwk wkh vdph ydoxh
p  q￿ dqg 7@8 ??41
Qh{w/ zh ghulyh dq h{solflw irupxod iru wkh PVH rswlpdo fkrlfh ri p iru a go zkhq
j lv vx!flhqwo| vprrwk wkdw v  5.5u= Vxssrvh wkdw p 2 q￿ iru vrph 3 ??4= Lq














+4 . r+4,,= +6149,
+Wkh vhfrqg whup rq wkh uljkw0kdqg vlgh frphv iurp wkh vtxduhg eldv whup
R+p2n2o@q2n2o,R+orj￿+p,@p,= Wkh rwkhu uhpdlqghu whupv iurp wkh vtxduhg eldv
duh grplqdwhg e| wkh wkuhh whupv lq +6149,1, Li A+5 . 5u,@+6 . 5u,> wkhq wkh R+,
whup lq +6149, lv ri vpdoohu rughu wkdq wkh rwkhu wzr whupv1 Ljqrulqj wkh R+, whup/







zkhuh ^d` ghqrwhv wkh lqwhjhu sduw ri d dqg wkh h{suhvvlrq iru pJR| rqo| dssolhv
zkhq o 9@3 >e 2n2o 9@3 > dqg fo ? 41 Qrwh wkdw wkh PVH rswlpdo jurzwk udwh ri
qEeneo￿*EDneo￿ doorzv rqh wr ljqruh wkh R+, whup lq +6149,1
615 Dv|pswrwlf Qrupdolw|
Zh qrz vkrz wkdw wkh eldv0uhgxfhg hvwlpdwru e go lv dv|pswrwlfdoo| qrupdo zlwk
phdq }hur surylghg p lqfuhdvhv wr lqqlw| dw d vorzhu udwh wkdq wkh PVH0rswlpdo
udwh1 Zh vxssrvh wkdw p lv fkrvhq wr vdwlvi|=
Dvvxpswlrq 61 p @ r+q2￿*E2￿n￿￿,> zkhuh ! @ plqiv>5.5 uj>v 4> dqg v lv dv lq
Dvvxpswlrq 51
<Zh qrwh wkdw Dvvxpswlrq 6 lpsolhv Dvvxpswlrq 41
Wkhruhp 5 Vxssrvh Dvvxpswlrqv 5 dqg 6 krog1 Wkhq/
p￿*2+e go  g, $_ Q+3>
2
57
fo, dv q $4 =
Frpphqwv= 41 Dvvxpswlrq 6 doorzv rqh wr wdnh p pxfk odujhu iru e go wkdq iru
wkh JSK hvwlpdwru surylghg j lv vx!flhqwo| vprrwk1 Lq frqvhtxhqfh/ e| dssursuldwh
fkrlfh ri p/ rqh kdv dv|pswrwlf qrupdolw| ri e go zlwk d idvwhu udwh ri frqyhujhqfh
wkdq lv srvvleoh zlwk e gC￿M=
Wkh uhvwulfwlrq rq p i r uw k hJ S Kh v w l p d w r ul vp @ r+qe*D, lq wkh dv|pswrwlf
qrupdolw| uhvxow ri KGE +zklfk fruuhvsrqgv wr u @3dqg v  5 lq Dvvxpswlrq
61, Iru h{dpsoh/ iru q @433/ 633/ dqg 4333/ wkh whup qe*D htxdov 73/ <9/ dqg 584
uhvshfwlyho|1 Lq frqwudvw/ Dvvxpswlrq 6 uhtxluhv p @ r+qEeneo￿*EDneo￿, zkhq u  4
dqg v  5.5 u= Iru wkh vdph ydoxhv ri q> wkh whup qEeneo￿*EDneo￿ h t x d o v9 3 /4 8 < /d q g
797 zkhq u @4dqg :3/ 4<6/ dqg 8;; zkhq u @5 1
51 Zkhq v @6 > wkh dvvxpswlrqv rq j lq Wkhruhp 5 duh wkh vdph dv wkrvh xvhg lq
KGE wr rewdlq wkh dv|pswrwlf qrupdolw| ri e gC￿M= Iru wklv fkrlfh ri v> wkh uhvwulfwlrq
rq p lq Dvvxpswlrq 6 lv p @ r+qS*., iru dq| u  4> zkhuhdv wkh uhvwulfwlrq rq p
lq KGE iru dv|pswrwlf qrupdolw| ri e gC￿M lv p @ r+qe*D,= Khqfh/ xqghu wkh vdph
frqglwlrqv dv lq KGE/ e go lv dv|pswrwlfdoo| qrupdo zlwk d idvwhu udwh ri frqyhujhqfh
wkdq e gC￿M iru dq dssursuldwh fkrlfh ri p=
61 Wkh surri ri Wkhruhp 5 uholhv rq wkh surri ri Wkhruhp 5 ri KGE/ zklfk/ lq
wxuq/ uholhv rq wkh surri ri Wkhruhpv 6 dqg 7 ri Urelqvrq +4<<8e,1 Wkh surri lv jlyhq
lq wkh Dsshqgl{1
71 Iru wkh surfhvvhv frqvlghuhg lq Vhfwlrq 8/ zh qg e| vlpxodwlrq wkdw wkh
yduldqfh ri p￿*2+e go  g, fdq eh hvwlpdwhg pruh dffxudwho| lq qlwh vdpsohv e|
2@+9[W￿P’W[W@p,> zklfk lv wkh xvxdo uhjuhvvlrq yduldqfh h{suhvvlrq zlwk uhjuhv0
vlrq huuru yduldqfh 2@9/ wkdq e| 2fo@57> zklfk htxdov olp?<" 2@+9[W￿P’W[W@p,
+vhh Ohppd 5+m, ri wkh Dsshqgl{,1
7 Rswlpdo Udwh ri Frqyhujhqfh
Lq wklv vhfwlrq/ zh ghwhuplqh wkh rswlpdo udwh ri frqyhujhqfh ri d plqlpd{ ulvn
fulwhulrq iru dq| hvwlpdwru ri g lq prgho +414, zkhq wkh wuxh ixqfwlrq j lv lq d fodvv
ri ixqfwlrqv wkdw lqfoxghv wkrvh wkdw duh vprrwk ri rughu v dw }hur iru jlyhq v  4=
Wkh rswlpdo udwh lv q3r*E2rn￿￿> zklfk lv duelwudulo| forvh wr q3￿*2 li v lv duelwudulo|
odujh1 Zh vkrz wkdw wkh eldv0uhgxfhg orj shulrgrjudp hvwlpdwru e go dfklhyhv wklv udwh
surylghg u  +v  5,@5 dqg p lv fkrvhq dssursuldwho|1
Rxu uhvxowv duh rewdlqhg e| hvwdeolvklqj d orzhu erxqg iru ulvn yld wkh phwkrg ri
JUV/ exw zh frqvlghu ohdvw idyrudeoh vshfwudo ghqvlwlhv wkdw duh frqwlqxrxv/ udwkhu
wkdq glvfrqwlqxrxv1 Wkhq/ zh xvh wkh dv|pswrwlf eldv dqg yduldqfh uhvxowv ri wkh
suhylrxv vhfwlrq wr vkrz wkdw wkh orzhu erxqg lv dfklhyhg xqlirupo| ryhu wkh fodvv ri
43ghqvlwlhv e| wkh hvwlpdwru e go= Wklv |lhogv wkh rswlpdo udwh ri frqyhujhqfh uhvxow soxv
lwv dfklhyhphqw e| wkh eldv0uhgxfhg orj shulrgrjudp hvwlpdwru1
Rxu rswlpdo udwh uhvxowv duh hvvhqwldoo| wkh vdph dv wkrvh ri JUV zkhq 4  v  5=
Iru vA5> wkh uhvxowv glhu1 Urxjko| vshdnlqj/ JUV frqvlghu d fodvv ri vshfwudo
ghqvlwlhv ri wkh irup i+,@mm32_j+,> zkhuh j+,@j+3,.R+mmr,= Ixqfwlrqv wkdw
duh vprrwk ri rughu v dw }hur rqo| vdwlvi| wklv frqglwlrq li doo wkh frh!flhqwv ri wkh
Wd|oru h{sdqvlrq ri j+, derxw  @3wr rughu ^v` duh }hur1 Wkdw lv/ jE&￿+3, @ 3 iru doo
n @4 >===>^v`= Iru wklv fodvv ri vshfwudo ghqvlwlhv/ wkh| vkrz wkdw wkh JSK hvwlpdwru
+zlwk iuhtxhqflhv forvh wr }hur wulpphg rxw, dwwdlqv wkh rswlpdo udwh ri frqyhujhqfh1
Iru vA5> lw lv uhvwulfwlyh wr irfxv dwwhqwlrq rqo| rq ixqfwlrqv j+, wkdw kdyh
ghulydwlyhv htxdo wr }hur dw  @3 1 Iru h{dpsoh/ d iudfwlrqdoo| glhuhqfhg dxwruhjuhv0
v l y hp r y l q jd y h u d j hs u r f h v vk d vq r q 0 } h u rg h u l y d w l y h vd w} h u r 1W k l vl vw u x hh y h ql iw k h
surfhvv diwhu glhuhqflqj lv zklwh qrlvh1 D iudfwlrqdoo| glhuhqfhg surfhvv vdwlvhv
j+,@j+3,.R+mmr, rqo| iru v @5 > hyhq wkrxjk lwv j+, ixqfwlrq lv vprrwk ri rughu
v dw }hur iru doo v qlwh/ vhh Uhpdun 614 rq s1 8: ri JUV1
Zkhq zh h{sdqg wkh fodvv ri ixqfwlrqv wr lqfoxgh ixqfwlrqv j+, wkdw duh vprrwk
ri rughu v dqg kdyh qrq0}hur ghulydwlyhv dw  @3 > wkh rswlpdo udwh ri JUV grhv qrw
fkdqjh/ exw wkh JSK hvwlpdwru qr orqjhu dfklhyhv wkh rswlpdo udwh ri frqyhujhqfh1
Krzhyhu/ wkh eldv0uhgxfhg orj shulrgrjudp hvwlpdwru grhv dfklhyh wkh rswlpdo udwh1
Ohw v dqg wkh hohphqwv ri d @+ df>d ff>d ￿>===>d dr*2o,￿>@+ ￿>2>￿,￿> dqg N @
+N￿>N 2>N ￿,￿ eh srvlwlyh qlwh frqvwdqwv zlwk df ?d ff dqg ￿ ? 4@5= Zh frqvlghu
wkh iroorzlqj fodvv ri vshfwudo ghqvlwlhv=
I+v>d>>N,@ii = i+,@mm32_sj+,> mgsm4@5  ￿>
] Z
3Z
i+,g  N￿> dqg




j&2& . + , iru vrph frqvwdqwv j& zlwk mj&md& iru
n @4 >===>^v@5` dqg vrph ixqfwlrq +, zlwk m+,mN2r iru doo 3    2>
+lll, mj+￿,  j+2,mN￿m￿  2m iru doo 3 ? ￿ ? 2  ￿j= +714,
Li j lv dq hyhq ixqfwlrq rq ^>` wkdw lv vprrwk ri rughu v  4 dw }hur dqg
i+,@mm32_sj+, iru vrph mgsm ? 4@5> wkhq i lv lq I+v>d>>N, iru vrph d> > dqg
N= Frqglwlrq +ll, ri I+v>d>>N, krogv lq wklv fdvh e| wdnlqj d Wd|oru h{sdqvlrq ri
j+, derxw  @3 = Wkh frqvwdqwv j& htxdo jE2&￿+3,@+5n,$ iru n @4 >===>^v@5` dqg +,
lv wkh uhpdlqghu lq wkh Wd|oru h{sdqvlrq1 Frqglwlrq +lll, ri I+v>d>>N, krogv lq
wklv fdvh e| wkh phdq ydoxh h{sdqvlrq ehfdxvh j kdv d erxqghg uvw ghulydwlyh lq d
qhljkerukrrg ri }hur1
Qh{w/ zh ghqh d vhtxhqfh ri vhwv ri ydoxhv ri p iru zklfk wkh eldv0uhgxfhg
hvwlpdwru dfklhyhv wkh rswlpdo udwh ri frqyhujhqfh1 Iru Gf A 4> ohw
M?+v>Gf,@ip = p lv dq lqwhjhu dqg G3￿
f q2r*E2rn￿￿  p  Gfq2r*E2rn￿￿j= +715,
Wkh rswlpdo udwh uhvxowv duh jlyhq lq wkh iroorzlqj Wkhruhp=
44Wkhruhp 6 Ohw v dqg wkh hohphqwv ri d @+ df>d ff>d ￿>===>ddr*2o,￿>@+ ￿>2>￿,￿>
dqg N @+ N￿>N 2>N ￿,￿ eh dq| srvlwlyh uhdo qxpehuv zlwk v  4>d f ?d ff> ￿ ? 4@5>
dqg N￿  5dff= Wkhq/
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zkhuh wkh lqi lv wdnhq ryhu doo hvwlpdwruv e g+q, ri gs/d q g







qr*E2rn￿￿+Hs+e goc6  gs,2,￿*2 ? 4>
zkhuh e goc6 ghqrwhv wkh eldv0uhgxfhg hvwlpdwru e go fdofxodwhg xvlqj p iuhtxhqflhv1 Khuh
Ss dqg Hs ghqrwh suredelolw| dqg h{shfwdwlrq/ uhvshfwlyho|/ zkhq wkh wuxh vshfwudo
ghqvlw| lv i=
Frpphqwv= 41 Wkh orzhu erxqg iru ulvn vwdwhg lq sduw +d, lv iru wkh 304 orvv ixqfwlrq
c+{,@4 + m{m AF ,= Dv qrwhg lq JUV/ wkh uhvxow lpsolhv d vlplodu uhvxow iru dq| orvv
ixqfwlrq c+, iru zklfk c+{,  %4+m{m AF , iru doo { iru vrph %A3> vxfk dv wkh
s0wk srzhu devroxwh huuru orvv ixqfwlrq c+{,@m{mR iru dq| sA31 Wkh xsshu erxqg
rq wkh ulvn ri wkh eldv0uhgxfhg hvwlpdwru e go jlyhq lq sduw +e, lv iru wkh txdgudwlf
orvv ixqfwlrq1 Wklv uhvxow lpsolhv d vlplodu uhvxow iru dq| orvv ixqfwlrq c+, iru zklfk
Hsc+qr*E2rn￿￿+e goc6gs,,  k+qr*E2rn￿￿+Hs+e goc6gs,2,￿*2, iru dq| prqrwrqh srvlwlyh
ixqfwlrq k+,> vxfk dv k+{,@{2 ru k+{,@{= Lq frqvhtxhqfh/ sduw +e, krogv zlwk wkh
304 orvv ixqfwlrq ri sduw +d, dqg wkh s0wk srzhu devroxwh huuru orvv ixqfwlrq iru dq|
4  s  5=
51 Wkh uhvwulfwlrq wkdw v  4 dqg frqglwlrq +lll, ri I+v>d>>N, duh xvhg lq
sodfh ri Dvvxpswlrq 5 ri Urelqvrq +4<<8e,/ zklfk uhtxluhv j wr eh glhuhqwldeoh lq
d qhljkerukrrg ri }hur1 Wkh iruphu frqglwlrqv duh xvhg lq wkh surri ri sduw +e, ri
wkh Wkhruhp1 Lq sduwlfxodu/ vhh Ohppd 6 dqg lwv surri1
61 Wkh uhvwulfwlrqv wkdw mgsm>
U Z
3Z i+,g> dqg j+3, duh erxqghg dzd| iurp 4@5>
4> dqg 3> uhvshfwlyho|/ lq I+v>d>>N, duh lpsrvhg wr hqvxuh wkdw xqliruplw| ryhu i 5
I+v>d>>N, krogv lq wkh Wkhruhp1 Vhh wkh surri ri Ohppd 6 iru ixuwkhu glvfxvvlrq1
Wkh frqglwlrq N￿  5dff lq wkh Wkhruhp hqvxuhv wkdw wkh erxqg rq wkh lqwhjudo ri
i 5I +v>d>>N, lv qrw wrr vhyhuh uhodwlyh wr wkh vfdoh ri i> zklfk lv ghwhuplqhg e|
j+3, + dff,=
8 Prqwh Fduor H{shulphqw
814 H{shulphqwdo Ghvljq
Lq wklv vhfwlrq/ zh frpsduh wkh qlwh vdpsoh ehkdylru ri wkh hvwlpdwruv e gf> e g￿>
dqg e g2= Wkh hvwlpdwru e gf lv wkh vwdqgdug orj0shulrgrjudp hvwlpdwru/ zkhuhdv e g￿ dqg
e g2 duh eldv0uhgxfhg orj0shulrgrjudp hvwlpdwruv1 Zh frqvlghu vwdwlrqdu| Jdxvvldq
45DUILPD+4>g>4, surfhvvhv zlwk dxwruhjuhvvlyh sdudphwhu +DU, ! dqg prylqj dyhudjh
+PD, sdudphwhu = Zkhq g @3 > wkh prgho lv
\| @ !\|3￿ . %|  %|3￿ iru w @4 >===>q> +814,
zkhuh i%| = w @3 >===>qj duh llg vwdqgdug qrupdo udqgrp yduldeohv1
Zh frqvlghu wkh surfhvvhv wkdw fruuhvsrqg wr doo srvvleoh frpelqdwlrqv ri
g @3 >= 7>  =7>
! @ =<>= 9>= 6> 3>  =6>  =9>  =<> dqg
 @ =<>= 9>= 6> 3>  =6>  =9>  =<= +815,
Zh frqvlghu vdpsoh vl}hv q @8 4 5dqg 5>37; +zklfk idflolwdwh xvh ri wkh idvw Irxulhu
wudqvirup wr frpsxwh wkh shulrgrjudp1, Ehfdxvh wkh uhvxowv duh txlwh vlplodu iru d
zlgh ydulhw| ri glhuhqw sdudphwhu frpelqdwlrqv/ zh rqo| h{solflwo| uhsruw uhvxowv iru
d vpdoo vxevhw ri wkh sdudphwhu frpelqdwlrqv1
Zh xvh 4>333 vlpxodwlrq uhshwlwlrqv iru hdfk sdudphwhu frpelqdwlrq1 Iru hdfk
sdudphwhu frpelqdwlrq wkdw lv dfwxdoo| uhsruwhg lq wkh Iljxuhv ehorz/ krzhyhu/ zh
xvh 53>333 vlpxodwlrq uhshwlwlrqv1 Wkh glhuhqfhv ehwzhhq xvlqj 4>333 dqg 53>333
uhshwlwlrqv duh txlwh vpdoo1
Zh fdofxodwh wkh eldvhv/ vwdqgdug ghyldwlrqv/ dqg urrw phdq vtxduhg huuruv
+upvh*v, ri e gf> e g￿> dqg e g2 dv ixqfwlrqv ri p iru p @7 >8>===>q@51 Iru d jlyhq sd0
udphwhu frpelqdwlrq/ zh uhsruw wkhvh txdqwlwlhv lq wkuhh judskvrqh hdfk iru wkh
eldv/ vwdqgdug ghyldwlrq/ dqg upvh1 Lq hdfk judsk/ ydoxhv ri p duh jlyhq rq wkh
krul}rqwdo d{lv1 Iru hdvh ri frpsdulvrq/ wkh d{hv kdyh wkh vdph vfdohv lq hdfk ri wkh
wkuhh judskv1
Lq dgglwlrq/ zh fdofxodwh wkh fryhudjh suredelolwlhv/ dv ixqfwlrqv ri p> ri wkh
qrplqdo <3( frqghqfh lqwhuydov +FL*v, wkdw duh rewdlqhg e| xvlqj wkh dv|pswrwlf
qrupdolw| uhvxow ri Wkhruhp 51 Zkhq frqvwuxfwlqj wkhvh FL*v/ zh hvwlpdwh wkh vwdq0
gdug huuru ri p￿*2+e gog, xvlqj wkh qlwh vdpsoh h{suhvvlrq +[W￿P’W[W@p,3￿ udwkhu
wkdq lwv olplw fo@7 +vhh Ohppd 5+m, lq wkh Dsshqgl{,/ ehfdxvh lw |lhogv ehwwhu qlwh
vdpsoh uhvxowv iru doo sdudphwhu frpelqdwlrqv dqg hvwlpdwruv frqvlghuhg1 Lq sduwlf0
xodu/ wkh FL*v duh
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iru u @3 >4>5> +816,
zkhuh }￿bD lv wkh =<8 txdqwloh ri wkh vwdqgdug qrupdo glvwulexwlrq1 Zh frpsxwh wkh
dyhudjh ohqjwkv ri wkh FL*v dv ixqfwlrqv ri p= Wkhvh ohqjwkv gr qrw ghshqg rq wkh
sdudphwhu frpelqdwlrq frqvlghuhg dqg/ khqfh/ duh rqo| uhsruwhg iru rqh sdudphwhu
frpelqdwlrq1
815 Vlpxodwlrq Uhvxowv
Zh glvfxvv wkh uhvxowv iru g @3dqg q @8 4 5uvw1 Zh qg wkdw iru dq| jlyhq
srvlwlyh DU sdudphwhu ! wkh sdwwhuq ri uhvxowv grhv qrw ydu| pxfk dfurvv PD sd0
udphwhu ydoxhv ?! =Lq dgglwlrq/ fdvhv zkhuh A!duh rqhv lq zklfk wkh uvw
46wzr dxwrfruuhodwlrqv ri wkh surfhvv duh qhjdwlyh/ zklfk lv ri uhodwlyho| orz hpslulfdo
uhohydqfh> fdvhv lq zklfk  @ ! doo uhgxfh wr wkh llg fdvh> dqg fdvhv lq zklfk wkh
DU sdudphwhu lv qhjdwlyh duh ri uhodwlyho| orz hpslulfdo uhohydqfh1 Lq frqvhtxhqfh/
zh irfxv rq uhsruwlqj uhvxowv iru qrq0qhjdwlyh ydoxhv ri wkh DU sdudphwhu dqg wkhvh
uhvxowv fdq eh zhoo vxppdul}hg e| frqvlghulqj wkh sdudphwhu frpelqdwlrqv lq zklfk
wkh PD sdudphwhu  lv }hur1 Zkhq ! @  @3 > wkh surfhvv lv llg/ qrqh ri wkh hvwlpd0
wruv duh eldvhg iru dq| ydoxh ri p> dqg wkh uhvxowv duh dv h{shfwhg1 Khqfh/ iru wkh fdvh
zkhq ! @3 > lw lv pruh lqwhuhvwlqj wr uhsruw uhvxowv iru  @ =<> zklfk |lhogv d PD+4,
surfhvv zlwk srvlwlyh dxwrfruuhodwlrq1 Lq vxp/ zlwk olwwoh orvv ri jhqhudolw|/ zh uh0
sruw lq Iljxuhv 47 uhvxowv iru wkh iroorzlqj sdudphwhu frpelqdwlrqv= +!>,@+ =<>3,>
+=9>3,> +=6>3,> dqg +3>=<,/ uhvshfwlyho|/ zkhuh lq hdfk fdvh g @3dqg q @8 4 5 1
Iljxuh 4 surylghv uhvxowv iru wkh DU+4, prgho zlwk DU sdudphwhu =<= Wkh eldv
judskv lq Iljxuh 4+d, vkrz wkdw wkh eldv ri wkh vwdqgdug orj0shulrgrjudp hvwlpdwru
e gf jurzv yhu| udslgo| dv p lqfuhdvhv/ zkhuhdv wkh eldvhv ri e g￿ dqg hvshfldoo| e g2 jurz
p x f kp r u hv o r z o | 1L wl vd s s d u h q ww k d ww k he l d v 0 u h g x f l q ji h d w x u h vr ie g￿ dqg e g2 wkdw duh
hvwdeolvkhg lq wkh dv|pswrwlf uhvxowv duh uh hfwhg lq wklv qlwh vdpsoh vfhqdulr1 Wkh
vwdqgdug ghyldwlrq judskv lq Iljxuh 4+e, vkrz wkdw wkh vwdqgdug ghyldwlrq ri e gf lv
ohvv wkdq wkdw ri e g￿ dqg e g2 iru doo ydoxhv ri p> dv suhglfwhg e| wkh dv|pswrwlf uhvxowv1
Iru hdfk hvwlpdwru/ wkh vwdqgdug ghyldwlrq ghfolqhv dw wkh dssur{lpdwh udwh 4@
s
pdv
p lqfuhdvhv ehfdxvh p lqgh{hv wkh hhfwlyh vdpsoh vl}h xvhg wr hvwlpdwh g= Zh qrwh
wkdw wkh vwdqgdug ghyldwlrq judskv iru doo +!>, frpelqdwlrqv +lqfoxglqj wkrvh wkdw
duh qrw uhsruwhg, duh hvvhqwldoo| wkh vdph> zkhuhdv wkh eldv judskv dqg/ khqfh/ wkh
upvh judskv/ ydu| dfurvv sdudphwhu frpelqdwlrqv1 Wkh upvh judsk lq Iljxuh 4+f,
vkrzv wkdw wkh plqlpxp upvh dfurvv ydoxhv ri p lv vpdoohu iru e g￿ dqg e g2 wkdq iru e gf>
zklfk lv lq dffrug zlwk wkh dv|pswrwlf uhvxowv1 Lq dgglwlrq/ rqh vhhv wkdw wkh upvh
judsk iru e gf ulvhv yhu| vwhhso| iurp lwv plqlpdo ydoxh/ zkhuhdv wkh upvh judskv iru
e g￿ dqg e g2 ulvh pruh vorzo|1 Lq frqvhtxhqfh/ e g￿ dqg e g2 k d y ho r zu p v h * vr y h uz l g h u
udqjhv ri p ydoxhv dqg/ khqfh/ duh qrw dv vhqvlwlyh wr wkh fkrlfh ri p dv e gf=
Wkh FL fryhudjh suredelolw| judskv lq Iljxuh 4+g, vkrz wkdw e gf kdv wuxh fryhudjh
suredelolw| forvh wr =< rqo| iru yhu| vpdoo ydoxhv ri p= Wklv lv gxh wr wkh eldv ri e gf
iru odujhu ydoxhv ri p= Lq frqwudvw/ wkh fryhudjh suredelolwlhv ri e g￿ dqg e g2 duh forvh wr
=< iru d zlghu udqjh ri ydoxhv ri p> gxh wr wkhlu vpdoohu eldvhv1 Wkxv/ e g￿ dqg e g2 |lhog
FL*v wkdw duh pruh urexvw wr wkh fkrlfh ri p wkdq grhv e gf= Rq wkh rwkhu kdqg/ wkh
odujhu vwdqgdug ghyldwlrqv ri e g￿ dqg e g2 ohdg wr odujhu dyhudjh ohqjwkv ri wkhlu FL*v
wkdq wkrvh ri e gf> d vl vv k r z ql qI l j x u h4 + h , 1
Iljxuh 5 surylghv uhvxowv iru wkh DU+4, prgho zlwk DU sdudphwhu =9= Jlyhq wkh
orzhu ohyho ri ghshqghqfh lq wkh gdwd/ wkh eldv ri e gf lqfuhdvhv pruh vorzo| dv p
lqfuhdvhv wkdq lq Iljxuh 4+d,1 Wkh eldvhv ri e g￿ dqg e g2 duh uhgxfhg txlwh frqvlghudeo|
dv zhoo1 Wkh| duh vx!flhqwo| vpdoo wkdw d zlgh udqjh ri ydoxhv ri p |lhog jrrg
fryhudjh suredelolwlhv lq Iljxuh 5+g,1 Wkh upvh*v ri e g￿ dqg e g2 lq Iljxuh 5+f, duh
voljkwo| orzhu wkdq wkrvh ri e gf gxh wr wkhlu orzhu eldvhv1 Lq dgglwlrq/ wkh upvh judskv
iru e g￿ dqg e g2 duh txlwh  dw lq Iljxuh 5+f,/ zklfk lpsolhv wkdw d zlgh udqjh ri ydoxhv
ri p |lhog orz upvh1
Iljxuh 6 surylghv uhvxowv iru wkh DU+4, prgho zlwk DU sdudphwhu =6= Dv h{shfwhg/
47wkh eldvhv ri doo wkuhh hvwlpdwruv duh uhgxfhg ixuwkhu iurp wkrvh uhsruwhg lq Iljxuhv
4 dqg 51 Lq idfw/ wkh eldvhv ri e g￿ dqg e g2 duh txlwh vpdoo dfurvv wkh hqwluh udqjh ri p
ydoxhv1 Dv d uhvxow/ wkh fryhudjh suredelolwlhv ri wkh FL*v edvhg rq e g￿ dqg e g2 duh txlwh
urexvw wr wkh fkrlfh ri ppxfk pruh vr wkdq e gf= Wkh upvh*v ri doo wkuhh hvwlpdwruv
duh idluo|  dw/ zklfk lqglfdwhv wkdw doo wkuhh duh uhodwlyho| urexvw wr wkh fkrlfh ri p=
Iljxuh 7 uhsruwv uhvxowv iru wkh PD+4, prgho zlwk PD sdudphwhu =<1 Wkh eldv
ri e g￿ lv qhjdwlyh lq wklv fdvh/ vr zh judsk wkh eldv ri e g￿> zklfk htxdov wkh qhjdwlyh
ri wkh eldv ri e g￿ ehfdxvh g @3 = Wkh uhvxowv ri Iljxuh 7 duh vlplodu wr wkrvh ri Iljxuh
6 h{fhsw wkdw wkh eldv ri e g￿ lv qhjdwlyh dqg wkh eldv dqg upvh ri e gf ulvh pruh vkduso|
iru odujh ydoxhv ri p= Djdlq wkh eldvhv ri e g￿ dqg e g2 duh txlwh forvh wr }hur ryhu d zlgh
udqjh ri ydoxhv ri p> zklfk |lhogv orz upvh*v dqg FL fryhudjh suredelolwlhv wkdw duh
forvh wr wkh qrplqdo ohyho =< iru d zlgh udqjh ri ydoxhv ri p=
Qh{w/ zh glvfxvv wkh uhvxowv iru g @ =7 dqg g @ =7= Wkh uhvxowv duh vr vlplodu wr
wkrvh iru g @3wkdw wkhuh lv qr srlqw lq suhvhqwlqj judskv ri dq| ri wkhvh uhvxowv1 Iru
prvw sdudphwhu frpelqdwlrqv wkh glhuhqfhv dfurvv ydoxhv ri g duh vr vpdoo wkdw wkh|
fdqqrw eh ghwhfwhg e| wkh h|h1 Lq wkh ihz fdvhv zkhuh glhuhqfhv fdq eh ghwhfwhg/
wkh| duh vpdoo glhuhqfhv lq wkh pdjqlwxghv ri wkh eldvhv iru txlwh odujh ydoxhv ri p=
Ilqdoo|/ zh glvfxvv wkh uhvxowv iru wkh odujhu vdpsoh vl}h q @5 >37;= Wkh uhvxowv
duh uhodwlyho| hdv| wr ghvfuleh1 Iru hyhu| +!>, sdudphwhu frpelqdwlrq/ wkh eldv dqg
fryhudjh suredelolw| judskv duh yhu| vlplodu wr wkhlu q @8 4 5frxqwhusduwv dqg wkh
vwdqgdug ghyldwlrq/ upvh/ dqg dyhudjh FL ohqjwk judskv duh yhu| vlplodu lq vkdsh wr
wkrvh iru q @8 4 5exw duh vkliwhg grzq wrzdug wkh krul}rqwdo d{lv1 Lq frqvhtxhqfh/
iru euhylw|/ zh rqo| uhsruw uhvxowv iru wkh sdudphwhu frpelqdwlrq +!>,@+ =<>3,>
g @3 > dqg q @5 >37;= V h hI l j x u h8 1W k hv l p l o d u l w |r iw k he l d vj u d s k vi r uq @8 4 5
dqg q @5 >37; lv gxh wr wkh krul}rqwdo vfdolqj ri wkh judskv lq zklfk p ydulhv
iurp 3 wr q@5 dqg d jlyhq krul}rqwdo glvwdqfh fruuhvsrqgv wr wkh vdph iudfwlrq ri
wkh vdpsoh vl}h lq doo judskv1 Iru d jlyhq ydoxh ri p w k he l d vl vq r w l f h d e o |v p d o o h u
zkhq q @5 >37; wkdq zkhq q @8 4 5 /e x wi r up htxdo wr d jlyhq iudfwlrq ri wkh
vdpsoh vl}h/ wkh eldv lv irxqg wr eh doprvw wkh vdph1 Wkh vlplodulwlhv ri wkh eldv
judskv |lhog vlplodulwlhv ri wkh fryhudjh suredelolw| judskv1 Rq wkh rwkhu kdqg/ wkh
vwdqgdug ghyldwlrq judskv vkliw grzqzdug zkhq q lv lqfuhdvhg wr 5>37; ehfdxvh d
jlyhq iudfwlrq ri wkh vdpsoh vl}h fruuhvsrqgv wr d odujhu ydoxh ri p dqg lw lv wkh ydoxh
ri p wkdw sulpdulo| ghwhuplqhv wkh vwdqgdug ghyldwlrq1 Lq frqvhtxhqfh/ wkh upvh dqg
dyhudjh FL ohqjwkv dovr vkliw grzqzdug zkhq q lv lqfuhdvhg wr 5>37;=
Lq vxp/ wkh Prqwh Fduor vlpxodwlrq uhvxowv vkrz wkdw e g￿ dqg e g2 kdyh orzhu eldvhv/
kljkhu vwdqgdug ghyldwlrqv/ dqg orzhu upvh*v frpsduhg wr e gf iru d zlgh udqjh ri
vwdwlrqdu| Jdxvvldq DUILPD+4/ g/ 4, surfhvvhv/ dv wkh dv|pswrwlf uhvxowv vxjjhvw1
Wkh orzhu eldvhv ohdg wr jrrg FL fryhudjh suredelolwlhv iru e g￿ dqg e g2 ryhu d zlghu
udqjh ri p ydoxhv wkdq iru e gf= Rq wkh rwkhu kdqg/ wkh orzhu vwdqgdug ghyldwlrq ri e gf
ohdgv wr vkruwhu FL lqwhuydov wkdq FL*v edvhg rq e g￿ dqg e g2= W k hu p v hj u d s k vi r ue g￿
dqg e g2 duh  dwwhu wkdq wkrvh iru e gf> zklfk lpsolhv wkdw e g￿ dqg e g2 duh ohvv vhqvlwlyh wr
w k hf k r l f hr ip wkdq lv e gf= Wkh uhvxowv duh hvvhqwldoo| wkh vdph iru wkh wkuhh ydoxhv
ri g frqvlghuhg= =7> 3> dqg =7= Wkh edvlf sdwwhuq ri uhvxowv duh wkh vdph iru vdpsoh
vl}hv q @8 4 5dqg q @5 >37;=
489 Dsshqgl{ ri Surriv
Wkh hvwlpdwru e go lv xqfkdqjhg li zh uhsodfh wkh uhjuhvvru pdwul{ TW e| d pdwul{
wkdw vsdqv wkh vdph froxpq vsdfh1 Wr vlpsoli| vrph ri wkh h{suhvvlrqv ehorz/ zh
uhsodfh TW e| vxfk d pdwul{ ]W> zklfk uhvfdohv wkh froxpqv ri TW= Ohw
]&c￿ @+ m@p,&= +914,
Ohw ]& ghqrwh wkh p0yhfwru zkrvh m0wk hohphqw lv ]&c￿ iru n @4 >5>=== 1O h w] ghqrwh
wkh p u pdwul{ zkrvh n0wk froxpq lv ]2& iru n @4 >===>u= Ohw ]W ghqrwh wkh pu
ghyldwlrq iurp froxpq phdq pdwul{ ghqhg e|
]W @ ]  46]




Ohw P~W @ L6  ]W+]W￿]W,3￿]W￿= +Li u @3 > zh wdnh P~W @ L6=,
Wkh surri ri Wkhruhp 4 xvhv wkh iroorzlqj Ohppdv=
Ohppd 4 Vxssrvh Dvvxpswlrqv 4 dqg 5 krog1 Wkhq/
+d, 4￿























?2n2o +4 . r+4,, . R+6^n￿
?^ ,>
+j, 4￿
6mH%m @ R+orj2p,> dqg
+k, ]￿
&H% @ R+orjp,>
iru l>n @4 >5>===> zkhuh mH%m ghqrwhv wkh p0yhfwru ri devroxwh ydoxhv ri wkh hohphqwv
ri H%= Zkhq v lv dq lqwhjhu/ wkh uhvxowv lq sduwv +h, dqg +i, krog zlwk R+p^n￿@q^n￿,
uhsodfhg e| r+p^n￿@q^n￿,=
Ohppd 5 Vxssrvh Dvvxpswlrqv 4 dqg 5 krog1 Wkhq/






& @  2&
E&n￿￿2p+4 . r+4,,>




?2n2o +4 . r+4,, . R+6^n￿
?^ ,>
+h, ]W￿




?2n2o +4 . r+4,, . R+6^n￿
?^ ,>
+i, [W￿H% @ R+orj￿p,>
+j, ]W￿
& H% @ R+orj2 p,>
+k, ]W￿]W @ op+4 . r+4,,>
+l, ]W￿[W @ 5op+4 . r+4,,>
+m, [W￿P~W[W @+ 7 p@fo,+4 . r+4,,/d q g
+n, pd{￿$￿$6 m^P~W[W`￿m @ R+orjp,>
iru l>n @4 >5>===> surylghg o lv qrqvlqjxodu lq sduwv +m, dqg +n,1Z k h q v lv
dq lqwhjhu/ wkh uhvxowv lq sduwv +g, dqg +h, krog zlwk R+p^n￿@q^n￿, uhsodfhg e|
r+p^n￿@q^n￿,1
49Surri ri Wkhruhp 41 Zh suryh sduw +d, uvw1 Xvlqj +61<,/ zh mxvw kdyh wr dssur{l0
pdwh wkh iroorzlqj wkuhh whupv= +l, [W￿P~W[W> +ll, [W￿P~WU> dqg
+lll, [W￿P~WH%= Wkh whup lq +l, htxdov +7p@fo,+4 . r+4,, e| Ohppd 5+m,1
Vxssrvh v  5.5 u= Wkhq/ e| Ohppd 5+h, dqg wkh ghqlwlrq ri o>
]W￿U @
+5,2n2o+5 . 5u,e2n2o
+6 . 5u,$+6 . 5u,
o
p￿n2o
q2n2o +4 . r+4,, . R+
p^n￿
q^ ,= +916,













Qh{w/ vxssrvh v?5.5 u= Wkhq/ e| Ohppd 5+g,/ +h,/ +k,/ dqg +l,/
[W￿
P~WU @ [W￿U  [W￿]W+]W￿]W,3￿]W￿U @ R+
prn￿
qr ,= +918,
Ilqdoo|/ e| Ohppd 5+i,0+l,/
[W￿
P~WH% @ R+orj￿ p,.5 ￿
o3￿
o 4o+4 . r+4,,R+orj2p,@R+orj￿ p,= +919,
Htxdwlrqv +61<,/ +917,/ dqg +919,/ Ohppd 5+m,/ dqg wkh ghqlwlrq ri o frpelqh
wr hvwdeolvk sduw +d, zkhq v  5.5 u1 Htxdwlrqv +61<,/ +918,/ dqg +919,/ dqg Ohppd
5+m, frpelqh wr hvwdeolvk sduw +d, zkhq v?5.5 u1Z k h qv lv dq lqwhjhu/ wkh R+,
whupv duh r+, lq +916,+918, ehfdxvh wkh vdph krogv lq wkh ghqlwlrq ri U￿ lq +616,1
Wr suryh sduw +e,/ zh xvh +61;, dqg wkh surri ri Wkhruhp 4 ri KGE1 Zh uhsodfh
wkhlu V%% e| [W￿
P~W[W @+ 7 p@fo,+4.r+4,, dqg qrwh wkdw wkhlu surri jrhv wkurxjk
zlwk wkh yduldqfh ri wkhlu whup W2 @
S6
￿’￿n*L}S 6 d￿%￿ htxdo wr Nf2p@9.r+p, iru
dq| vhtxhqfh id￿ = m @4 >===>pj iru zklfk
pd{
￿$￿$6




￿ @ Nfp+4 . r+4,, iru vrph Nf A 3= +91:,





P~W[W @+ 7 p@fo,+4.r+4,, e| Ohppd
5+m,1 Wkh uvw frqglwlrq ri +91:, krogv e| Ohppd 5+n,1 Wkh vhfrqg krogv zlwk













+4 . r+4,,= +91;,
Zh qrwh wkdw wkh Ohppdv ri KGE/ zklfk duh uholhg rq khuh dqg lq wkh surri ri
Ohppd 4+j, dqg +k,/ xwlol}h Wkhruhp 5 ri Urelqvrq +4<<8e,1 Wkh odwwhu xvhv Dvvxps0
wlrq 5 ri Urelqvrq +4<<8e, wkdw iE￿￿+,@R+mm3￿32_, dv  $ 3= Wklv dvvxpswlrq lv
lpsolhg e| rxu Dvvxpswlrq 51 
4:S u r r ir iO h p p d4 1Wr suryh sduw +d,/ e| wkh ghqlwlrq ri ￿> zh kdyh
6 S
￿’￿




















orjm @ porjp  p . R+orjp,= +9144,
Frpelqlqj [￿ @ 5orj￿> +91<,/ dqg +9144, hvwdeolvkhv sduw +d,1
Wkh surriv ri sduwv +e, dqg +f, duh vwudljkwiruzdug1
Wr suryh sduw +g,/ zh zulwh
6 S
￿’￿














{& orj{g { = +9146,
Ehfdxvh
U K
@ {& orj{g {@^ ￿










+n .4 , 2p&n￿ . r+p&n￿,= +9147,
Htxdwlrqv +9145, dqg +9147, frpelqh wr hvwdeolvk sduw +g,1
Wkh surriv ri sduwv +h, dqg +i, duh vwudljkwiruzdug xvlqj wkh ghqlwlrq ri U￿ lq
+616, dqg wkh idfw wkdw
S6
￿’￿m& @ p&n￿@+n .4 ,.R+p&, iru dq| lqwhjhu n  4=
Zh qrz suryh sduw +j,1 E| Ohppd 8 ri KGE/ olpvxs?<" vxs￿$￿$6
H orj2+L￿@i￿, ? 4= E| Mhqvhq*v lqhtxdolw|/ iH orj+L￿@i￿,j2  H orj2+L￿@i￿,= Wkxv/
pd{
￿$￿$6
mH%￿m @p d {
￿$￿$6
mH orj+L￿@i￿,.Fm @ R+4,= +9148,
























































p& . R+orjp,@R+orjp,=  +914<,
S u r r ir iO h p p d5 1Sduw +d, lv hvwdeolvkhg dv iroorzv=





orj2 m +5porjp .5p . R+orjp,,2@p> +9153,
zkhuh wkh vhfrqg htxdolw| xvhv Ohppd 4+d,1 Hvwlpdwlqj
S6
￿’￿orj2m e| wkh fruuh0
vsrqglqj lqwhjudo/ dv lq +9143,/ |lhogv
6 [
￿’￿
orj2m @ porj2 p  5porjp .5 p . R+orj2 p,> +9154,
ehfdxvh
U K
@ orj2{g {@^ {orj2 {  5{orj{ .5 {`K
@= Frpelqlqj +9153, dqg +9154, jlyhv
wkh ghvluhg uhvxow1












l . n .4











l . n .4

4
+l . 4,+n .4 ,
,p+4 . r+4,,= +9155,
Sduw +f, lv hvwdeolvkhg xvlqj Ohppd 4+d,/ +e,/ dqg +g,=
[W￿]W

























+n .4 , 2p+4 . r+4,,= +9156,
Sduw +g, lv hvwdeolvkhg dv iroorzv1 E| wkh ghqlwlrq ri U￿ lq +616, dqg Ohppd
5+f,/ zh kdyh










@ 4+v  5.5 u,
5+5,2n2o+5 . 5u,e2n2o
+6 . 5u,$+6 . 5u,
p￿n2o





















































xvlqj Ohppd 4+d,/ wkh wuldqjoh lqhtxdolw|/ +9147,/ wkh uhvxow wkdw
S6
￿’￿ m^
@ p^n￿@+t .4 ,. R+p^,/d q gw k hx q l i r u p l w |r iw k hR+, whupv ryhu m @4 >===>p=
Htxdwlrqv +9157, dqg +9158, frpelqh wr hvwdeolvk sduw +g,1
Sduw +h, lv hvwdeolvkhg xvlqj Ohppd 4+e,/ +h,/ dqg +i,=
]W￿







@4 + v  5.5 u,+
+5,2n2oe2n2o
+5 . 5u,$+6 . 5u . n,
p￿n2o





























+n .4 , + 6.5 u,
,
p￿n2o




Zkhq v lv dq lqwhjhu/ wkh R+, whupv duh r+, lq wkh surriv ri sduwv +g, dqg +h, ehfdxvh
wkh vdph krogv lq wkh ghqlwlrq ri U￿ lq +616,1
W rs u r y hs d u w+ i , /z hz u l w hm[W
￿mm [￿ .5o r j+ 5 @q,m. m[ .5orj+5@q,m= Wkhq/
e| Ohppd 4+d,/ zh rewdlq pd{￿’￿c￿￿￿c6 m[W
￿m @ R+orjp,= Wklv dqg Ohppd 4+j, jlyh
wkh ghvluhg uhvxow= m[W￿H%mR+orjp,4￿
6mH%m @ R+orj￿ p,1
Sduw +j, lv hvwdeolvkhg xvlqj Ohppd 4+e,/ +j,/ dqg +k,=
]W￿
















@ R+orj2 p,= +915:,
Sduwv +k, dqg +l, krog e| Ohppd 5+e, dqg +f, dqg wkh ghqlwlrqv ri o dqg o1
Sduw +m, krogv e| Ohppd 5+d,/ +k,/ dqg +l, xvlqj wkh ghqlwlrq ri fo=
Odvwo|/ zh hvwdeolvk sduw +n,1 Xvlqj pd{￿$￿$6m[W
￿m @ R+orjp, +suryhg deryh,
dqg Ohppd 5+k, dqg +l,/ zh rewdlq
P~W[W @ [W  ]W+]W￿
]W,3￿]W￿
[W @ R+orjp,46 .5 ]W3￿
o o+4 . r+4,,= +915;,
Wkxv/ pd{￿$￿$6 m^P~W[W`￿m @ R+orjp,.R+4, @ R+orjp,= 
Wkh surriv ri Wkhruhpv 5 dqg 6 xvh wkh iroorzlqj Ohppd/ ri zklfk sduw +d, lv
d yduldqw ri Wkhruhp 5 ri Urelqvrq +4<<8e,1 Sduw +d, lv dovr d yduldqw ri Ohppd 6







\| h{s+l￿w, dqg x+,@$+,@i￿*2+,= +915<,
Ohppd 6 +d, Vxssrvh Dvvxpswlrq 5 krogv1 Wkhq/ xqlirupo| ryhu m>n @4 >===>p













+e, Wkh uhvxowv +l,+ly, ri sduw +d, krog xqlirupo| ryhu i 5I+v>d>>N,=
54S u r r ir iO h p p d6 1Dg h q v l w |i wkdw vdwlvhv rxu Dvvxpswlrq 5 vdwlvhv Dvvxps0
wlrqv 4 dqg 5 ri Urelqvrq +4<<8e,1 Lq frqvhtxhqfh/ uhvxowv +l,0+ly, ri sduw +d, iroorz
iurp Wkhruhp 5 ri Urelqvrq +4<<8e, xvlqj wkh qrupdol}dwlrq ri $+, e| i￿*2+,
udwkhu wkdq j+3,￿*2mm3_= Wkh uhpdlqghu whup lq +l, lv glhuhqw iurp wkdw lq Urelq0
vrq +4<<8e, ehfdxvh wkh surri rqo| uhtxluhv +714,/ dqg qrw +715,/ ri Urelqvrq +4<<8e,
wr krog1
Sduw +e, iroorzv e| lqvshfwlrq ri wkh surri ri Wkhruhp 5 ri Urelqvrq +4<<8e,
xvlqj wkh iroorzlqj frqglwlrq lq sodfh ri klv Dvvxpswlrq 5= Iru doo 3 ? ￿ ? 2 
h  @ plqi2>￿j>
mi+￿,  i+2,mFm￿m3￿32_sm￿  2m +9163,
iru vrph frqvwdqw F?4 wkdw lv lqghshqghqw ri i 5I+v>d>>N,= +Wklv frqglwlrq lv
xvhg wr vkrz wkdw wkh ohiw0kdqg vlgh ri +719, ri Urelqvrq +4<<8e, lv R+%￿￿,1L wl vd o v r
xvhg iru vlplodu fdofxodwlrqv lq wkh surriv ri sduwv +e,0+g, ri Wkhruhp 5 ri Urelqvrq
+4<<8e,1,
Wkh frqglwlrq lq +9163, krogv iru dq| i 5I+v>d>>N, e| wkh iroorzlqj fdofxodwlrq=
mi+￿,  i+2,m @ m
32_s












￿ m￿  2m .5 mgsmFD
3￿32_s
￿ m￿  2m +9164,
iru doo 3 ? ￿ ? 2  h > zkhuh wkh vhfrqg lqhtxdolw| krogv xvlqj frqglwlrq +lll, ri
I+v>d>>N,> d phdq ydoxh h{sdqvlrq ri 
32_s
￿ derxw 2> dqg wkh idfw wkdw
vxsf$b$B2 mj+,mFD iru vrph frqvwdqw FD ? 4 e| frqglwlrq +ll, ri I+v>d>>N,=
Lq wkh glylvlrq ri wkh grpdlq ri lqwhjudwlrq ri wkh lqwhjudov lq wkh surri ri Wkhruhp
5 ri Urelqvrq +4<<8e,/ zh uhsodfh klv % e| h =
Qrwh wkdw zh lpsrvh wkh uhvwulfwlrq mgsm4@5￿ lq wkh ghqlwlrq ri I+v>d>>N,>
zkhuhdv JUV doorz mgsm ? 4@5> ehfdxvh lq wkh surri ri sduw +e, ri wkh Wkhruhp zh xvh
lw wr rewdlq xqliruplw| ri wkh frqyhujhqfh uhvxowv1 Lq sduwlfxodu/ zh zhuh qrw deoh wr
yhuli| wkdw Wkhruhp 5 ri Urelqvrq +4<<8e, krogv xqlirupo| zlwkrxw wklv uhvwulfwlrq/
dowkrxjk JUV vwdwh wkdw lw grhv1 Rxu gl!fxow| fdph lq yhuli|lqj wkdw wkh vwdwhg
rughu ri wkh lqwhjudov
U b￿*2
3b￿*2 lq wkh uvw dqg odvw olqhv rq s1 4395 dqg wkh vhfrqg
olqhv rq ss1 4397 dqg 4398 krog xqlirupo| ryhu mgsm ? 4@5= Wkh gl!fxow| lv wkdw
vxs￿_s￿￿￿*2
U b￿*2
f 32_sg @v x s ￿_s￿￿￿*2 
￿32_s
￿ @+4  5gs,@4= Lw pd| eh srvvleoh wr
flufxpyhqw wklv sureohp e| xvlqj d glhuhqw dujxphqw wr ghwhuplqh wkh rughu ri wkh U b￿*2
3b￿*2 lqwhjudov wkdq wkdw xvhg lq Urelqvrq +4<<8e,1 Wklv lv suredeo| zkdw JUV kdg
lq plqg1
Zh lpsrvh wkh frqglwlrq
U Z
3Z i+,g  N￿ lq I+v>d>>N, ehfdxvh lw lv qhhghg
rq olqh : ri s1 4394 ri Urelqvrq*v +4<<8e, surri ri Wkhruhp 5 wr rewdlq xqliruplw|
ri wkh uhvxowv ryhu i 5I+v>d>>N,1 
S u r r ir iW k h r u h p5 1Sduw ri wkh surri ri Wkhruhp 5 lv dqdorjrxv wr wkh surri ri
Wkhruhp 5 lq KGE dqg sduw xvhv dq dowhudwlrq ri wkh dv|pswrwlf qrupdolw| surri ri
55+8147, lq Urelqvrq +4<<8e,1 Wkh txdqwlwlhv V =@ [W￿
P~W[W dqg D￿ =@ ^P~W[W`￿
sod| wkh urohv ri 7V%% dqg 5d￿ lq KGE/ uhvshfwlyho|/ dqg %￿ l vw k hv d p hd vl qK G E 1
Xvlqj +61:,/ +61;,/ 4￿
6[W @3 > 4￿
6]W @3 > dqg Ohppd 5+m,/ zh kdyh
























xvlqj Dvvxpswlrq 6 wr rewdlq wkh vhfrqg htxdolw|1

























iru vrph 3 ??3=8= Wkh surriv lq KGE wkdw W￿ @ rR+4, dqg W2 @ rR+4, dovr duh
y d o l gl qr x uf d v h /e h f d x v hpd{￿$￿$6 mD￿m @ R+orjp, e| Ohppd 5+n,1
Wkh uhpdlqghu ri wkh surri +l1h1/ vkrzlqj wkh dv|pswrwlf qrupdolw| ri W￿,g l  h u v
iurp wkdw lq KGE/ ehfdxvh iroorzlqj wkh olqh ri dujxphqw lq KGE ohdgv wr d uhvwulfwlrq
rq wkh jurzwk udwh ri p wkdw lv h{fhvvlyh iru rxu sxusrvhv/ dowkrxjk qrw iru wkhluv1
Lq sduwlfxodu/ KGE*v surri uholhv rq Urelqvrq*v +4<<8e, dv|pswrwlf qrupdolw| uhvxow
+8147,/ zklfk xvhv wkh wklug sduw ri klv Dvvxpswlrq 9 zlwk  @  @5lq wkh surri ri
klv +8147, dqg wklv uhtxluhv p @ r+qe*D,= +Wkh wklug sduw ri Urelqvrq*v Dvvxpswlrq
9 lv xvhg lq wkh uvw wzr htxdwlrqv rq s1 439; ri Urelqvrq +4<<8e,/ zklfk duh sduw ri
wkh surri ri +8147,1, Qrwh wkdw Urelqvrq*v +4<<8e,  htxdov plqiv>5j lq rxu qrwdwlrq/
vr wkdw d odujh ydoxh ri v grhv qrw lqfuhdvh  deryh 51
Lqvwhdg ri xvlqj wkh phwkrg ri KGE/ zh vkrz wkdw W￿f
￿*2
o @5 $_ Q+3>2@9, e|
dowhulqj wkh dv|pswrwlf qrupdolw| uhvxow jlyhq lq +8147, ri Urelqvrq +4<<8e,1 Urelq0
vrq*v +8147, vwdwhv wkdw wkh qrupdol}hg vxp ri udqgrp yduldeohv
56p3￿*2 S6
￿’￿n6f￿DnB d￿yX￿ lv dv|pswrwlfdoo| qrupdo zlwk phdq }hur dqg yduldqfh 
>
zkhuh id￿ = m @4 >===>pj duh frqvwdqwv wkdw vdwlvi| wkh frqglwlrqv lq klv htxdwlrq
+8148,/ y lv d qrq0}hur frqvwdqw/ dqg iX￿ = m @4 >===>pj duh wkh udqgrp yduldeohv
ghqhg e|
X￿ =@ %￿ .o r j ij+￿,@j+3,j> +916:,
xvlqj rxu qrwdwlrq1 +Wklv lv dfwxdoo| d vshfldo fdvh ri Urelqvrq*v uhvxow zkhq klv
M @4dqg o @ pf￿DnB=, Zh dowhu wklv uhvxow e| uhsodflqj wkh X￿ e| %￿ dqg suryh
wkh dowhuhg uhvxow xvlqj dq dowhudwlrq ri wkh surri jlyhq e| Urelqvrq1 Vshflfdoo|/
wkh dowhuhg +8147, uhvxow lv wkdw p3￿*2 S6
￿’￿n6f￿DnB d￿y%￿ $_ Q+3>
, dv p $4 >
zkhuh 
 lv dv lq Urelqvrq/ surylghg rxu Dvvxpswlrqv 5 dqg 6 krog dqg wkh frqvwdqwv
id￿ = m @4 >===>pj vdwlvi| wkh frqglwlrqv lq Urelqvrq*v +8148,1
Urelqvrq*v surri ri +8147, uholhv rq zulwlqj X￿ dv d ixqfwlrq ri y}+, +xvlqj klv
qrwdwlrq,/ zklfk lv wkh glvfuhwh Irxulhu wudqvirup +klv z}+,, glylghg e| F}mm3_}
+@ j￿*2+3,mm3_ lq rxu qrwdwlrq,1 Wkdw lv/ X￿ @ k+y}+,, iru vrph ixqfwlrq k+,=
Vlpsoh fdofxodwlrqv vkrz wkdw %￿ l vw k hv d p hi x q f w l r qk+, ri wkh glvfuhwh Irxulhu
wudqvirup z}+, glylghg e| i
￿*2
}} +, +@ i￿*2+,@j￿*2+,mm3_ lq rxu qrwdwlrq,1 Lq
frqvhtxhqfh/ li zh dowhu Urelqvrq*v ghqlwlrq ri y}+, wr eh z}+,@i
￿*2
}} +,> wkhq doo
ri klv surri jrhv wkurxjk dv vwdwhg h{fhsw wkh uvw wzr htxdwlrqv rq s1 439;/ zklfk
ghshqg rq wkh surshuwlhv ri y}+, +wkurxjk wkh vhfrqg prphqw pdwul{ HyW
￿yW￿
& ,= Wkh
uhtxlvlwh surshuwlhv ri y}+, iru wkhvh wzr htxdwlrqv duh hvwdeolvkhg lq Wkhruhp 5 ri
Urelqvrq +4<<8e,1 Iru rxu dowhuhg ghqlwlrq ri y}+,> wkh uhvxowv krog e| Ohppd
6+d,1 Lq frqvhtxhqfh/ wkh surshuwlhv ri wkh dowhuhg y}+, qhhghg lq wkh uvw wzr
htxdwlrqv ri s1 439; krog zlwkrxw lpsrvlqj wkh wklug sduw ri Urelqvrq*v Dvvxpswlrq
91 +Zh dovr qrwh wkdw wkh vhfrqg sduw ri Urelqvrq*v Dvvxpswlrq 9 lv qrw xvhg lq klv
surri ri +8147, dqg/ khqfh/ lv qrw qhhghg iru rxu dowhuhg +8147, uhvxow1, Wklv frpsohwhv
wkh surri ri rxu dowhuhg +8147, uhvxow1
Qrz/ zh dsso| wkh dowhuhg +8147, uhvxow zlwk d￿ =@ D￿f
￿*2
o @5 +dqg zlwk M @4 /
o @ pf￿DnB/d q gy @5 @f
￿*2
o lq Urelqvrq*v qrwdwlrq,1 Wkh uvw frqglwlrq ri Urelqvrq*v












￿ @7 p@fo . r+p,> +916;,













iru doo s  4> zkhuh h ]W
￿ ghqrwhv wkh m0wk urz ri ]W zulwwhq dv d froxpq yhfwru ri
glphqvlrq u= Wkh htxdolw| lq +916<, xvhv +D4;, ri KGE iru wkh whup lqyroylqj [W
￿
dqg Ohppd 5+k, dqg +l,/ soxv wkh idfw wkdw wkh devroxwh ydoxhv ri wkh hohphqwv ri h ]W
￿
57duh erxqghg e| rqh iru doo m> iru wkh rwkhu whup1 Khqfh/ +8148, ri Urelqvrq +4<<8e,
krogv1 Xvlqj Ohppd : ri KGE/ zh qg wkdw wkh dv|pswrwlf fryduldqfh pdwul{ 
 lq
+8147, lv 2@9=
Wkh deryh uhvxowv frpelqh wr hvwdeolvk +9168,/ zklfk frpsohwhv wkh surri1 
S u r r ir iW k h r u h p6 1Wkh surri ri sduw +d, lv d yduldqw ri wkh surri ri Wkhruhp 4
ri JUV1 Zh wdnh wkhlu ohdvw idyrudeoh ghqvlwlhv ii? = q  4j/ zklfk duh glvfrqwlqxrxv/
dqg dgmxvw wkhp wr eh frqwlqxrxv dqg vdwlvi| d Olsvfklw} frqglwlrq1 Fdoo wkh dgmxvwhg
ghqvlwlhv iiW
? = q  4j1 Zh vkrz wkdw +4, iW
? 5I +v>d>>N, iru q vx!flhqwo| odujh
dqg +5, wkh uhvxow ri Ohppd 4+ll, ri JUV krogv iru iiW




?+,  if+,,2g  Ffq3￿ iru vrph frqvwdqw Ff ? 4> +9173,
zkhuh if+,@4iru  5 ^>`= Lq frqvhtxhqfh/ wkh uhvxowv ri Ohppd 5 ri JUV krog
zlwk i? uhsodfhg e| iW
?> ehfdxvh wkh surri ri wkhlu Ohppd 5 krogv iru dq| vhtxhqfh
ri ghqvlwlhv wkdw vdwlvhv wkh uhvxow ri wkhlu Ohppd 4+ll,/ lv erxqghg dzd| iurp }hur/
dqg lv lq O2 +zklfk lpsolhv vtxduh vxppdelolw| ri wkh fruuhvsrqglqj fryduldqfhv,1
Wkh ghqvlwlhv iW
? vdwlvi| wkhvh frqglwlrqv1
Qh{w/ JUV*v surri ri wkhlu Wkhruhp 4 krogv iru dq| vhtxhqfh ri ghqvlwlhv h i? wkdw
vdwlvhv wkh uhvxowv ri wkhlu Ohppd 5 dqg lv ri wkh irup
h i?+,@h f?mm3￿?+4 . h ?+,,> +9174,
zkhuh ih f? = q  4j duh erxqghg frqvwdqwv/ k? @ q3r*E2rn￿￿ iru vrph A3> dqg
mh ?+,m h Nmmr iru doo  lq d qhljkerukrrg ri }hur iru vrph h N?4= Zh vkrz
ehorz wkdw wkh ghqvlwlhv iW
? duh ri wklv irup dqg/ khqfh/ wkh uhvxow ri Wkhruhp 4 ri
JUV krogv iru wkh fodvv ri ixqfwlrqv I+v>d>>N,/ zklfk hvwdeolvkhv sduw +d, ri rxu
Wkhruhp 61
Wkh uhdvrq wkdw zh frqvlghu wkh ghqvlwlhv iW
?> udwkhu wkdq i? dv lq JUV/ lv wkdw
wkh ixqfwlrqv i? gr qrw vdwlvi| Urelqvrq*v +4<<8e, Dvvxpswlrq 5 qru frqglwlrq +lll,
ri I+v>d>>N,= Wklv lv uhohydqw ehfdxvh wkh surri ri sduw +e, ri rxu Wkhruhp 6
uholhv rq wkh Ohppdv ri KGE/ zklfk lq wxuq uho| rq wkh surri ri Wkhruhp 5 ri
Urelqvrq +4<<8e,1 Wkh odwwhu xwlol}hv klv Dvvxpswlrq 5 wkdw wkh vshfwudo ghqvlw|
i lv glhuhqwldeoh lq d qhljkerukrrg ri }hur zlwk ghulydwlyh wkdw lv R+mm3￿32_s, dv
 $ 3= Urelqvrq*v Dvvxpswlrq 5 fdq eh dyrlghg li rqh wdnhv wkh uhpdlqghu lq hdfk
sduw ri klv Wkhruhp 5 wr kdyh wkh dgglwlrqdo whup R++m@q,r,> vhh JUV dqg Jludlwlv/
Urelqvrq/ dqg Vdpdury +5333,1 Wklv dgglwlrqdo whup/ krzhyhu/ lv wrr odujh iru rxu
sxusrvhv1 Lqvwhdg/ zh uhsodfh Urelqvrq*v Dvvxpswlrq 5 zlwk wkh Olsvfklw} frqglwlrq
+lll, ri I+v>d>>N,= Ohppd 6 vkrzv wkdw wklv frqglwlrq lv vx!flhqw wr rewdlq wkh
ghvluhg dqdorjxhv ri Urelqvrq*v Wkhruhp 51 Wkh ohdvw idyrudeoh ixqfwlrqv i? xvhg lq
JUV gr qrw vdwlvi| frqglwlrq +lll, ri I+v>d>>N,/ vr zh uhsodfh wkhp e| wkh ixqfwlrqv
iW
? zklfk gr1
JUV*v ixqfwlrq i? lv dq hyhq ixqfwlrq wkdw lv ghqhg dv iroorzv=
i?+,@

f?3￿? iru  5 +3>?`
4 iru  5 +?>`
@ f?3￿?+4 . ?+,,> zkhuh
58k? @ r




3 iru  5 +3>?`
f3￿
? ￿?  4 iru  5 +?>`
= +9175,
+Qrwh wkdw lq wkh qrwdwlrq ri JUV v lv =,
Zh ghqh wkh ixqfwlrq iW
? wr eh dq hyhq ixqfwlrq wkdw htxdov i? rq +3>?` dqg
htxdov wkh frqvwdqw i?+?,@f?3￿?
? rq +?>`1 Lq frqvhtxhqfh/ iW
? lv frqwlqxrxv rq





f?3￿? iru  5 +3>?`
f?3￿?
? iru  5 +?>`







3 iru  5 ^3>?`





Qrz zh vkrz wkdw iW
? 5I+v>d>>N, iru q odujh dqg  vpdoo +zkhuh  dsshduv lq
wkh ghqlwlrq ri k?,1I l u v w /mk?@5m4@5￿ iru q odujh/ ehfdxvh k? $ 3 dv q $4 =
Vhfrqg/ zh kdyh mW
?+,mm ?+,mN2r iru doo  5 +3>` iru  vx!flhqwo| vpdoo1
Wkh uvw lqhtxdolw| krogv ehfdxvh f?3￿?
?  4> dv vkrzq ehorz lq +9183,1 Wkh vhfrqg
lqhtxdolw| krogv e| Ohppd 4+l, ri JUV1 Wkxv/ iW
? lv ri wkh irup +9174, dqg jW
? vdwlvhv
frqglwlrq +ll, ri I+v>d>>N, zlwk j& @3iru n @4 >===>^v@5` iru dq| 2 5 +3>`=
Wklug/ zh kdyh jW
?+3, @ f?= Ehorz zh vkrz wkdw f? $ 4 dv q $4 > vr frqglwlrq +l,
ri I+v>d>>N, lv vdwlvhg iru q vx!flhqwo| odujh surylghg df ? 4 ?d ff= Li wkh odwwhu
frqglwlrq lv qrw vdwlvhg/ wkhq iW
? fdq eh uhvfdohg e| pxowlsolfdwlrq e| +df . dff,@5
vr wkdw jW
?+3, @ f?+df .dff,@5 $ +df . dff,@5 5 +df>d ff,1
Irxuwk/ zh vkrz wkdw jW
? vdwlvhv frqglwlrq +lll, ri I+v>d>>N, iru q odujh1 Li
￿> 2 5 +3>?`> wkhq jW
?+￿,  jW

















W m￿  2m> +9177,
zkhuh W olhv ehwzhhq ￿ dqg 2> wkh uvw lqhtxdolw| krogv e| wkh wuldqjoh lqhtxdolw|/
dqg wkh vhfrqg lqhtxdolw| krogv xvlqj iW
?+￿,@iW
?+2,> miW
?+2,m iru doo q iru vrph
frqvwdqw   4> zklfk iroorzv iurp ￿?
? $ 4 dqg f? $ 4 dv q $4 / dv vkrzq ehorz/
dqg d phdq ydoxh h{sdqvlrq ri ￿?
￿ derxw 2= Zh kdyh
k?￿?3￿
W  k?￿?3￿
? @+ k?@?,+4.r+4,, @ q3Er3￿￿*E2rn￿￿+4.r+4,, @ R+4,  N￿@
+9178,
iru q odujh dqg  vpdoo/ zkhuh wkh uvw htxdolw| krogv ehfdxvh ￿?
? $ 4 dv q $4 /
dv vkrzq ehorz1 Htxdwlrqv +9177, dqg +9178, frpelqh wr |lhog mjW
?+￿,  jW
?+2,m








 N￿m￿  2m> +9179,
zkhuh wkh vhfrqg lqhtxdolw| krogv e| wkh suhylrxv uhvxowv iru ￿> 2 5 +3>?` dqg
￿> 2 5 ^?>`= Wkxv/ jW



















ehfdxvh f? $ 4> ? $ 3>k ? $ 3> dqg ￿?
? $ 4 dv q $4 > dv vkrzq ehorz1 Li
pxowlsolfdwlrq ri iW
? e| +df . dff,@5 lv qhfhvvdu| iru wkh wklug srlqw deryh/ wkhq wkh
uljkw0kdqg vlgh lq +917:, lv +df .dff,@5.r+4,> z k l f kl vo h v vw k d qr uh t x d ow rN￿@5
iru q odujh ehfdxvh 5dff  N￿ e| dvvxpswlrq1
Qh{w/ zh vkrz wkdw +9173, krogv1 Ohw ? @4 f?3￿?
? = Zh vkrz ehorz wkdw




?+,  if+,,2g @5
] B?
f





 Ffq3￿ . R+q3er*E2rn￿￿ orjeq, +917;,
iru vrph frqvwdqw Ff A 3> zkhuh wkh lqhtxdolw| xvhv Ohppd 4+ll, ri JUV iru wkh
erxqg rq wkh uvw whup1 Wkxv/ +9173, krogv surylghg vA4@5> zklfk lv dvvxphg1
Zh qrz vkrz wkdw ￿?
? $ 4 dqg f? $ 4 dv q $4dqg ? @ R+q32r*E2rn￿￿ orj2 q,1
Ehfdxvh orj+qV￿?3￿
,@￿q3￿ orjq $ 3 iru dq| ￿ 5 U dqg A3> zh kdyh qV￿?3￿
$ 4
dv q $4 = Wdnlqj ￿ @ @+5v.4,dqg  @ v@+5v.4,> wklv jlyhv ￿?
? $ 4 dv q $4 1
Lq wxuq/ wklv lpsolhv wkdw f? @4.o r j￿?
? $ 4 dv q $4 1 Qh{w/ zh fdq zulwh ? dv d
ixqfwlrq ri ￿?




? = E| d phdq ydoxh h{sdqvlrq
derxw { @3 >q % @4.+ q%￿ orjq,{ iru {￿ ehwzhhq 3 dqg {= Wdnlqj { @ ￿q3￿ iru ￿
dqg  dv deryh/ wklv jlyhv
￿?
? @ qV￿?3￿
@4.+ q%￿? orjq,￿q3￿ @4.R+q3r*E2rn￿￿ orjq,> +917<,
zkhuh {￿? olhv ehwzhhq 3 dqg ￿q3￿=
D Wd|oru h{sdqvlrq ri orj{ derxw { @4jlyhv orj{ @ {4+{4,2@+5{2
W,>zkhuh
{W olhv ehwzhhq { dqg 4= Wkxv/ 3 ? +{4orj{,@{ @ R++{4,2, dv { $ 4= Wdnlqj
{ @ ￿?
? dqg xvlqj +917<, jlyhv
3 ? ? @+ ￿?
?  4  orj￿?
? ,@￿?
? @ R++￿?
?  4,2,@R+q32r*E2rn￿￿ orj2 q,= +9183,
Qh{w/ zh suryh sduw +e, ri wkh Wkhruhp1 Wkh ixqfwlrq orj+4.{, vdwlvhv orj+4.
{,@{.+{,> zkhuh m+{,mF￿{2 iru doo m{m{f iru vrph {f A 3 dqg F￿ ? 4= Ohw























+j&@j+3,,2& . +,> +9184,
zkhuh +, lv ghqhg lpsolflwo| dqg vdwlvhv m+,mF2r iru doo 3 ? f iru
vrph frqvwdqwv F2 ? 4 dqg f A 3 wkdw gr qrw ghshqg rq j> exw pd| ghshqg rq
+v>d>>N,= Khqfh/ dq h{sdqvlrq ri orj+j￿@jf, ri wkh irup +615, krogv zlwk uhpdlqghu
+￿, wkdw vdwlvhv m+￿,mF2r
￿ xqlirupo| ryhu ixqfwlrqv j wkdw vdwlvi| frqglwlrqv
+l,+lll, ri I+v>d>>N,=
Qrz/ wkh uhvxow ri sduw +e, krogv iru wkh hvwlpdwru e goc6? iru d vlqjoh ghqvlw|
i 5I +v>d>>N, dqg d vlqjoh vhtxhqfh ip? = p? 5 M?+v>Gf,>q 4j e| Wkhruhp
4/ ehfdxvh +l, Dvvxpswlrq 4 krogv/ +ll, Dvvxpswlrq 5 krogv h{fhsw wkdw j lv qrw
qhfhvvdulo| vprrwk ri rughu v  4> +lll, wkh h{sdqvlrq +9184, krogv/ zklfk lv ri wkh irup
ri +615,/ +ly, wkh surri ri Wkhruhp 4 jrhv wkurxjk zlwk Dvvxpswlrq 5 uhsodfhg e| +615,
ru e| dq h{sdqvlrq ri wklv irup/ vxfk dv +9184,/ +y, Wkhruhp 5 ri Urelqvrq +4<<8e,/
zklfk lv xwlol}hg lq wkh surri ri Wkhruhp 4/ fdq eh uhsodfhg e| Ohppd 6+e, lq wkh
surri ri Wkhruhp 4/ dqg +yl, wkh uhvwulfwlrq u  +v5,@5 lpsolhv wkdw Hs e goc6?gs @
R+pr@qr,@R+q3r*E2rn￿￿, dqg Yd u s+e goc6?,@R+p3￿,@R+q32r*E2rn￿￿,= Khqfh/ lw
vx!fhv wr vkrz wkdw wkh uhvxowv ri Wkhruhp 4 krog xqlirupo| ryhu i 5I +v>d>>N,
dqg p 5 M?+v>Gf,= Wklv fdq eh vhhq e| lqvshfwlrq ri wkh surri ri Wkhruhp 4 soxv
wkh surriv ri Ohppdv 8 dqg 9 dqg Wkhruhp 4 ri KGE/ xvlqj Ohppd 6+e, lq sodfh ri
Wkhruhp 5 ri Urelqvrq +4<<8e, lq wkh surri ri Wkhruhp 4 dqg xvlqj wkh xqliruplw|
ri +9184, ryhu ixqfwlrqv j wkdw vdwlvi| frqglwlrqv +l,+lll, ri I+v>d>>N,=
Qrwh wkdw zh lpsrvh wkh frqglwlrq j+3,  df lq I+v>d>>N, vr wkdw j&@j+3, lq
+9184, lv xqlirupo| erxqghg dqg +, lq +9184, vdwlvhv m+,mF2r1 
5;Irrwqrwhv
￿Wkh uvw dxwkru judwhixoo| dfnqrzohgjhv wkh uhvhdufk vxssruw ri wkh Qdwlrqdo
Vflhqfh Irxqgdwlrq yld judqw qxpehu VEU0<:635::1 Wkh dxwkruv wkdqn Pduf Khqu|
dqg Shwhu Urelqvrq iru khosixo frpphqwv1
2KGE gr qrw dfwxdoo| dvvxph wkdw iWE￿￿ lv frqwlqxrxv/ exw wkh| xvh wklv dvvxps0
wlrq zkhq wdnlqj d wkuhh whup Wd|oru h{sdqvlrq ri orjiW
￿ lq wkh surri ri wkhlu Ohppd
41 KGE dovr dvvxph wkdw iW lv frqwlqxrxv dqg erxqghg dzd| iurp }hur dqg lqqlw|
rq ^>`> exw wkhvh dvvxpswlrqv duh qrw xvhg lq wkhlu surriv1
5<Uhihuhqfhv
Djldnorjorx/ F1/ S1 Qhzerog/ dqg P1 Zrkdu +4<<6,= Eldv lq dq Hvwlpdwru ri wkh
Iudfwlrqdo Glhuhqfh Sdudphwhu/ Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/ 47/ 568
5791
Dqguhzv/ G1 Z1 N1 dqg \1 Vxq +4<<<,= Orfdo Sro|qrpldo Zklwwoh Hvwlpdwlrq ri
Orqj0udqjh Ghshqghqfh/ pdqxvfulsw lq suhsdudwlrq/ Frzohv Irxqgdwlrq/ \doh
Xqlyhuvlw|1
Ekdqvdol/ U1 M1 dqg S1 V1 Nrnrv}nd +4<<:,= Hvwlpdwlrq ri wkh Orqj Phpru| Sdud0
phwhu e| Ilwwlqj Iudfwlrqdo Dxwruhjuhvvlyh Prghov/ zrunlqj sdshu1
Ghojdgr/ P1 dqg S1 P1 Urelqvrq +4<<9,= Rswlpdo Vshfwudo Edqgzlgwk iru Orqj
Phpru|/ Vwdwlvwlfd Vlqlfd/ 9/ <:4451
Ghr/ U1 dqg F1 P1 Kxuylfk +4<<<,= Rq wkh Orj Shulrgrjudp Uhjuhvvlrq Hvwlpd0
wru ri wkh Phpru| Sdudphwhu lq Orqj Phpru| Vwrfkdvwlf Yrodwlolw| Prghov/
zrunlqj sdshu/ Vwhuq Vfkrro ri Exvlqhvv/ Qhz \run Xqlyhuvlw|1
Idq/ M1 +4<<5,= Ghvljq0dgdswlyh Qrqsdudphwulf Uhjuhvvlrq/ Mrxuqdo ri wkh Dphu0
lfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;:/ <<;43371
Jhzhnh/ M1 dqg V1 Sruwhu0Kxgdn +4<;6,= Wkh Hvwlpdwlrq dqg Dssolfdwlrq ri Orqj0
phpru| Wlph Vhulhv Prghov/ Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/ 7/ 55456:1
Jludlwlv/ O1/ S1 P1 Urelqvrq/ dqg D1 Vdpdury +4<<:,= Udwh Rswlpdo Vhplsdud0
phwulf Hvwlpdwlrq ri wkh Phpru| Sdudphwhu ri wkh Jdxvvldq Wlph Vhulhv zlwk
Orqj0udqjh Ghshqghqfh/ Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/ 4;/ 7<931
+5333,= Dgdswlyh Vhplsdudphwulf Hvwlpdwlrq ri wkh Phpru| Sdudphwhu/
Mrxuqdo ri Pxowlyduldwh Dqdo|vlv/ iruwkfrplqj1
Kçugoh/ Z1 dqg R1 Olqwrq +4<<7,= Dssolhg Qrqsdudphwulf Phwkrgv/ Fk1 6; lq
Kdqgerrn ri Hfrqrphwulfv/ Yroxph 7/ h g 1e |U 1I 1H q j o hd q gG 1P f I d g g h q 1
Qhz \run= Hovhylhu1
Khqu|/ P1 dqg S1 P1 Urelqvrq +4<<9,= Edqgzlgwk Fkrlfh lq Jdxvvldq Vhplsdud0
phwulf Hvwlpdwlrq ri Orqj Udqjh Ghshqghqfh/ lq Dwkhqv Frqihuhqfh rq Ds0
solhg Suredelolw| dqg Wlph Vhulhv Dqdo|vlv/ Yroxph LL= Wlph Vhulhv Dqdo|vlv lq
Phpru| ri H1 M1 Kdqqdq/ hg1 e| S1 P1 Urelqvrq dqg P Urvhqeodww/ 5535651
Qhz \run= Vsulqjhu0Yhuodj1
Khqu|/ P1 +4<<<,= Urexvw Dxwrpdwlf Edqgzlgwk iru Orqj Phpru|/ zrunlqj sd0
shu/ Ghsduwphqw ri Hfrqrplfv/ Froxpeld Xqlyhuvlw|1
Kxuylfk/ F1 P1 +5333,= Prgho Vhohfwlrq iru Eurdgedqg Vhplsdudphwulf Hvwlpdwlrq
ri Orqj Phpru| lq Wlph Vhulhv/ Zrunlqj Sdshu Qr1 VRU0533307/ Vwhuq Vfkrro
ri Exvlqhvv/ Qhz \run Xqlyhuvlw|1
63Kxuylfk/ F1 P1 dqg N1 L1 Ehowudr +4<<7,= Dxwrpdwlf Vhplsdudphwulf Hvwlpdwlrq
ri wkh Phpru| Sdudphwhu ri d Orqj0phpru| Wlph Vhulhv/ Mrxuqdo ri Wlph
Vhulhv Dqdo|vlv/ 48/ 5;86351
Kxuylfk/ F1 P1 dqg M1 Eurgvn| +4<<:,= Eurdgedqg Vhplsdudphwulf Hvwlpdwlrq
ri wkh Phpru| Sdudphwhu ri d Orqj0phpru| Wlph Vhulhv Xvlqj Iudfwlrqdo
H{srqhqwldo Prghov/ Zrunlqj Sdshu Qr1 VRU0<:05/ Vwhuq Vfkrro ri Exvlqhvv/
Qhz \run Xqlyhuvlw|1
Kxuylfk/ F1 P1 dqg U1 Ghr +4<<;,= Soxj0lq Vhohfwlrq ri wkh Qxpehu ri Iuhtxhqflhv
lq Uhjuhvvlrq Hvwlpdwhv ri wkh Phpru| Sdudphwhu ri d Orqj0phpru| Wlph
Vhulhv/ Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/ 53/ 6646741
Kxuylfk/ F1 P1/ U1 Ghr/ dqg M1 Eurgvn| +4<<;,= Wkh Phdq Vtxduhg Huuru ri
Jhzhnh dqg Sruwhu0Kxgdn*v Hvwlpdwru ri wkh Phpru| Sdudphwhu ri d Orqj0
phpru| Wlph Vhulhv/ Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/ 4</ 4<791
Nlp/ F1 V1 dqg S1 F1 E1 Skloolsv +4<<<d,= Orj Shulrgrjudp Uhjuhvvlrq= Wkh Qrq0
vwdwlrqdu| Fdvh/ zrunlqj sdshu/ Frzohv Irxqgdwlrq/ \doh Xqlyhuvlw|1
+4<<<e,= Prglhg Orj Shulrgrjudp Uhjuhvvlrq/ zrunlqj sdshu/ Frzohv
Irxqgdwlrq/ \doh Xqlyhuvlw|1
Oredwr/ L1 dqg S1 P1 Urelqvrq +4<<9,= Dyhudjh Shulrgrjudp Hvwlpdwlrq ri Orqj
Phpru|/ Mrxuqdo ri Hfrqrphwulfv/ :6/ 6366571
Prxolqhv/ H1 dqg S1 Vrxolhu +4<<<,= Eurdg Edqg Orj0shulrgrjudp Uhjuhvvlrq ri
Wlph Vhulhv zlwk Orqj Udqjh Ghshqghqfh/ Dqqdov ri Vwdwlvwlfv/ 5:/ 4748476<1
+5333,= Gdwd0gulyhq Rughu Vhohfwlrq iru Surmhfwlrq Hvwlpdwru ri wkh Vshfwudo
Ghqvlw| ri Wlph Vhulhv zlwk Orqj Udqjh Ghshqghqfh/ Mrxuqdo ri Wlph Vhulhv
Dqdo|vlv/ 54/ iruwkfrplqj1
Urelqvrq/ S1 P1 +4<<7,= Vhplsdudphwulf Dqdo|vlv ri Orqj0phpru| Wlph Vhulhv/
Dqqdov ri Vwdwlvwlfv/ 55/ 84886<1
+4<<8d,= Jdxvvldq Vhplsdudphwulf Hvwlpdwlrq ri Orqj Udqjh Ghshqghqfh/
Dqqdov ri Vwdwlvwlfv/ 56/ 496349941
+4<<8e,= Orj0shulrgrjudp Uhjuhvvlrq ri Wlph Vhulhv zlwk Orqj Udqjh Gh0
shqghqfh/ Dqqdov ri Vwdwlvwlfv/ 56/ 437;43:51
Vklprwvx/ N1 dqg S1 F1 E1 Skloolsv +4<<:,= Srrohg Orj Shulrgrjudp Uhjuhvvlrq/
zrunlqj sdshu/ Frzohv Irxqgdwlrq/ \doh Xqlyhuvlw|1
Yhodvfr/ F1 +4<<;d,= Qrq0Jdxvvldq Orj0shulrgrjudp Uhjuhvvlrq/ zrunlqj sdshu/
Ghsduwphqwr gh Hvwdgðvwlfd | Hfrqrphwuðd/ Xqlyhuvlgdg Fduorv LLL gh Pdgulg1
+4<<;e,= Qrq0vwdwlrqdu| Orj0shulrgrjudp Uhjuhvvlrq/ zrunlqj sdshu/ Gh0
sduwphqwr gh Hvwdgðvwlfd | Hfrqrphwuðd/ Xqlyhuvlgdg Fduorv LLL gh Pdgulg1
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